SURFACES ASSOCIATED TO ZEROS OF AUTOMORPHIC L-FUNCTIONS
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Dedicated to Peter Sarnak on the occasion of his seventieth birthday

ABSTRACT. Assuming the Riemann Hypothesis, Montgomery established results concerning pair correlation
of zeros of the Riemann zeta function. Rudnick and Sarnak extended these results to automorphic L-functions
and all level correlations. We discover additional geometric structures associated to the zeros of automorphic L-
functions. In the case of pair correlation, these structures form certain surfaces which display Gaussian behavior.
For triple correlation, these structures exhibit characteristics of the Laplace and Chi-squared distributions,
revealing an unexpected phase transition.

1. INTRODUCTION

1.1. Motivation. In his seminal work [41], Montgomery conducted a detailed study of the pair correlation of
non-trivial zeros of the Riemann zeta function ((s). To understand the Fourier transform of the distribution
function of the numbers v — 7/, where 7, 7' are imaginary parts of the non-trivial zeros of {(s), Montgomery
considered the function

-1
(1.1) F(a) == F(a,T) = <2T7rlOgT> S Y T — ),

0<+/<T 0<y<T

Here a € R, T > 2 and w(u) is a suitable weight function defined on R by w(u) = 4/(4 + u?). Assuming
the Riemann Hypothesis (RH), Montgomery showed that

(1.2) F(a,T) = (14 o(1))T**log T + o + o(1),

as T tends to infinity, uniformly for 0 < o < 1.

Rudnick and Sarnak [49] vastly generalized Montgomery’s work by establishing corresponding results
for the higher level correlations of non-trivial zeros of general automorphic L-functions. Their work shows
that the local fluctuations of zeros of an automorphic L-function align precisely with the predictions of the
GUE model as suggested by Dyson [8].

We discover additional geometric structures in the form of surfaces related to the correlation of zeros of
general automorphic L-functions (see Figures 1-4). Let m € N and .7, be the set of irreducible cuspidal
automorphic representations of GL,, over Q with unitary central character. For m € o7, let L(s, ) be its
standard L-function. For X, T > 2, we consider the sum

1 . )
(1.3) S (X,T) = N(T) > Re Y X frw(pr—pl),
Mmpf|<T |Im px|<T
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where
4
(1.4) w:C\{2,-2} - C, w(u):= yp—i
(1.5) Na(T) = #{pr = Br +i7x: 0 < Br < 1, |v2| < T, L(pr,7) = 0},

and py, p/. run over the non-trivial zeros of L(s, 7). Here the function w(w) in (1.4) corresponds to the weight
function introduced by Montgomery in (1.1). We will discuss a more general class of weight functions in
Section 7. We rewrite Syy (X, T) as

— /
(1.6) Suwn(X.T) = > ReSH(X,T,p),
[Im p7 [<T
where
(1.7) Se(X,Toph)= > X Prw(pr — ply).
Im pr |<T

When 7 € & is trivial, assuming RH for ((s), one may view S;(X, T, p/.) as the contribution to F(«)
from the inner sum in (1.1) corresponding to the zero p,. when X = T'“. We remark in passing that the
right hand side of (1.7) may also be considered as an exponential sum involving the differences of non-trivial
zeros of L(s, ). In the present paper, we are interested in the behavior of Sy (X, T, p.) as p!. varies over the
non-trivial zeros of L(s, 7). Surprisingly, numerical evidence, as shown in Figure 1, suggests that in the case
of {(s), the associated surface appears to reveal Gaussian behavior led along Montgomery’s function F'(«).
Our first aim in this paper is to study the precise nature of this surface for the Riemann zeta function. Our
second goal is to extend the results in the broader context of automorphic L-functions. Our third objective is
to investigate whether there is any change in these phenomena as one transitions from pairs to triples of zeros
of automorphic L-functions. For further numerical and graphical evidence in these directions, interested
readers are referred to [1].

1.2. A Brief Survey of Montgomery’s Pair Correlation Conjecture. The function F'(«) has been the
subject of extensive research over the years. Besides proving (1.2), in [41], Montgomery also proposed the
following conjecture concerning the behavior of F'(«) for o > 1.
Conjecture 1. Ler F'(«) be as defined in (1.1). Then for any fixed constants 1 < a < b < oo, we have
(1.8) Fla,T)=1+0(1) as T — oo,
uniformly for o € [a, b].

For variants of Conjecture 1 pertaining to more general L-functions, see Murty—Zaharescu [44, Eq.

(2.4)]. Based on Conjecture 1, Montgomery further conjectured the following distribution for the differences
between the imaginary parts of non-trivial zeros of the Riemann zeta function.

Conjecture 2. (Pair Correlation conjecture). For any fixed o < 3 < 00,

5 - 2
(1.9) 3 1~ </a <1 _ (S”;Z“> >du+5(a,5)>;1ogT,

0<y<T
0<y'<T
2rna(logT) 1 <y—v'<2nB(log T) 1

as T tends to co. Here ~y,~' vary over the imaginary parts of non-trivial zeros of ((s) and 6(a, ) = 1 if
0 € [a, 8], 0(av, B) = 0 otherwise.

Conjecture 2, known as Montgomery’s Pair Correlation conjecture, implies that small gaps between the
zeros of ((s) occur very rarely, which is remarkable. Indeed, the pair correlation for many other number
theoretic quantities differ from (1.9). For example, although the sequence of zeros of {(s) and the sequence
of prime numbers are related by explicit formulas, their distributions are very different. More precisely,
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FIGURE 1. A surface plot for the probability density function associated to the set of values
{Re S;(X,T,pn): 1 <n < N}, where L(s,7) = ((s), N = 105, X = T and « varies
between (0, 3] in a discrete equi-spaced manner. The surface (in blue) appears to exhibit
Gaussian behavior while shifting along Montgomery’s function F'(«) (in red).

assuming an appropriate version of the prime k-tuple conjecture, Gallagher [11] showed that the sequence
of primes in short intervals exhibits Poisson behavior.

Dyson [41] made the significant observation that the Gaussian Unitary Ensemble (GUE) from Random
Matrix Theory has the same pair correlation function 1 — (Sf‘rﬂ)2 as in the case of zeros of {(s). In math-
ematical physics, GUE models the distribution of energy levels in systems comprising numerous particles.
When suitably normalized, the limiting pair correlation function of eigenvalues of matrices in the Gaussian
Unitary Ensemble becomes 1 — (S27%)2_ This observation, along with Odlyzko’s [45, 46] extensive com-
putations show strong evidence towards the Hilbert—Pdlya conjecture that non-trivial zeros of the Riemann
zeta function correspond to eigenvalues of a self-adjoint operator. For more results related to Montgomery’s
Pair Correlation conjecture, the reader is referred to the classical works of Gallagher [12], Goldston [14],
Goldston—Montgomery [15], Goldston—Heath-Brown [20], Heath-Brown [18], Montgomery—Odlyzko [42]
and the references there-in.

Rudnick and Sarnak [49] established the higher level correlations of non-trivial zeros of any given auto-
morphic L-function. Their work shows that the local fluctuations of the zeros of an automorphic L-function
are universal and independent of the distribution of its coefficients. Furthermore, these fluctuations align
precisely with the predictions of the GUE model as suggested by Dyson [8]. An essential ingredient in the
work of Rudnick—Sarnak is the following technical hypothesis involving the coefficients of L(s, 7). For
Re(s) > 1, let us write

I < AL (n)
f(saﬂ-) = _7;1 ns
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FIGURE 2. Left: A discrete approximation of the PCS using the zeros of L(s, A), the
L-function associated with the modular discriminant, with |«| > 0.2. Right: A discrete
approximation of the PCS using the zeros of L(s, E') where E//Q is the elliptic curve over
Q defined by E : y? + y = 23 — z, with |a| > 0.2.

where A, (n) is supported only on prime powers and is given by (2.6).

Hypothesis H;; : Let m € N and 7 € o7,. For any fixed k& > 2,

A k\ |2
Z | w(ﬂz )| < o0
. p
p prime
The Ramanujan conjecture for cusp forms on GL,, suggests that |A;(p*)| < mlogp, which more than
adequately satisfies the requirements for Hypothesis H;. Moreover, Hypothesis H is known for m < 4
due to Rudnick—Sarnak [49] and Kim [32]. It is also known in special cases when m = 5 and m = 6 due
to Kim [31], Kim—Shahidi [33] and Wu—Ye [54]. Although the distribution of the coefficients of L(s, )
is not universal, the theory of Rankin—Selberg L-functions, together with Hypothesis H, ensures that the

asymptotic relation

A(n)?  log?X
n<X n

holds regardless of the choice of w. This shared behavior contributes to the universality of the n-level
correlations with respect to 7 in [49]. In this context, we also mention the works of Katz—Sarnak [28, 29]
and Iwaniec—-Luo—Sarnak [23] on the universality of distributions of low-lying zeros, that is, zeros close to
the central point. Following their works, we believe that the distribution of the low-lying zeros is predicted
by only a few random matrix ensembles. For further insights on these topics, the reader is encouraged to
consult the works of Heath-Brown [19], Keating—Snaith [30], Iwaniec—Sarnak [24], Mehta [39], Young [55]
and the references there-in.

1.3. A Pair Correlation Surface. In addition to Figures 1-4, we present further numerical evidence in [1]
related to the behavior of S (X, T, p.). Based on these computations and graphical evidence, we propose the
following conjectures on the statistical distribution of S (X, T’ p.). To proceed, we require some notation.
Let m € N and 7, be the set of irreducible cuspidal automorphic representations of GL,,, over Q with
unitary central character. For m € 4, let L(s, ) be its standard L-function. Let X, 7" > 2 and p/, be a
non-trivial zero of L(s, 7). Define

(1.11) OL(X.T,p.) = ReSH(X, T, pl) — (mlogT)_l(min{long,mlogT})
(1/2)(min{log X, mlogT})2

)
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where S (X, T, p..) is defined by (1.7).
Conjecture 3. Letm € Nand 7 € ,,. Forany o € R\ {0} and any A € R,

1,2
e 2" du,

. 1
(1.12) Tlg]go N (T) )\ \/%/

where N (T) is as in (1.5), p. runs over non-trivial zeros of L(s, ) and Q(X, T, p.) is defined by (1.11).

# {Jm(p)| < T3 Qu(TI™, T, gt ) <

We now formulate the following definition of the Pair Correlation Surface (PCS) (if it exists). We define
it pointwise as follows.

Definition 1. (Definition of the Pair Correlation Surface). Let m € Nand 7 € o/,. Fixa € R\ {0}, A € R
and let

1 1
(L13)  gn(a, ) = Q%%AMNGU

provided that the limit exists. Let E be the set of points (a, A) € (R\{0}) x R for which g («, ) is defined.
Let Ey be the set of points (0, \) € {0} x R for which the limit
(1.14) gr(0,A) ;== lim gr(a, N

a—0

az#0
(a,)\)GEl

exists. Let F = Eg U FEq and consider the function g, defined on E by (1.13) and (1.14) above. We call the
graph of the function g, : E — R the Pair Correlation Surface associated to the zeros of L(s, 7).

# {m(pf)| < 5 Qu(TIM™, T, ) € [\ = 6,0+ 0]}

We make the following conjecture on the existence of the Pair Correlation Surface.

Conjecture 4. (Existence of the Pair Correlation Surface). Let m € N and 7 € <,,. For any o € R\ {0}
and any A € R, we have

1 1
1.15 lim —
(L15) i o5 0 N
where N(T) is given by (1.5), pl. runs over non-trivial zeros of L(s,n) and Qr(X, T, p..) is defined by
(1.11). Moreover, the Pair Correlation Surface associated to the zeros of L(s, ) is the graph of the function
gx : R? = R defined by

#{Itm(p)| < T2 Qu(THI™, T, pl) € A = 8,4+ ]} = <=+,

1
g2V
V2
We now present our main results. We focus on the case when o > 0. The case when o < 0 can be treated

similarly. One can see that Conjecture 4 follows from Conjecture 3. In the direction of Conjecture 3, we
prove the following result.

(1.16) gr(a, \) =

Theorem 1.1. Let m € Nand 7 € <,,. Assume Hypothesis H, and the Riemann Hypothesis for L(s, ). Let
{oj}jen be any sequence of strictly positive real numbers decreasing to 0. Then there exists an increasing
sequence {V;}jcn tending to oo with the following property. For any sequence {T};}jcn such that T > V;
forall 5 € N, we have for any A € R,

1 , a;m /
. g j - 7T 7 sy L g,
17 i et (o)) < T3 QT Tyopl) < A} = m/

where N (T) is as in (1.5), p. runs over non-trivial zeros of L(s, ) and Qr(X, T, p.) is defined by (1.11).

In order to prove Theorem 1.1, we utilize the method of moments. For » € N, we compute the moments

1 min{log X, mlogT}\"
1.1 (X, T) = S (X, T, ) — ’
( 8) M D ( ) Nﬂ—(T) |I ,|<T (Res ( 1071') mlOgT
m pf |<
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These moments will furnish the distribution of S (X, T, pl.). For r € N, let

1-3---(r—1) ifriseven,
1.19 =
(1% Hr {0 if 7 is odd.
Theorem 1.2. Let m € N, 7w € 4, and 0,, € [O,% - m%ﬂ] be an admissible exponent towards the

Ramanujan conjecture for L(s, ). Assume Hypothesis H, and the Riemann Hypothesis for L(s,m). Let
X, T > 2,7 € Nand My ,(X,T) be as defined in (1.18). Fix a € R such that
1
0<a<——F—.

If r is even, then

amlogT

1 >2+OmmxmgTY5>

MW,T (Tamy T) = My (

where p, is given by (1.19). If r is odd, then
r—1
= .

Moo (T, T) Lo (logT)

We expect the results in Theorem 1.2 to hold for all fixed & € R\ {0}. This leads us to make the following
conjecture, which is evidently stronger than Conjectures 3 and 4.

Conjecture 5. Let m € Nand 7 € ay,. Let X,T > 2,r € Nand M (X, T) be as defined in (1.18). Fix
a € R\ {0}. If r is even, then

min{|a|, 1}mlogT
4

MMGWWU=W+MW< f,asT%w

where p, is defined by (1.19). If r is odd, then
Mo (TI™ TY = o((log T)2) as T — oco.
We make the following remarks.

Remark 1.3.1. In some sense, Theorem 1.1 is as close as possible to Conjecture 3, while failing to prove it
even for any single fixed . We do need in Theorem 1.1 to let {c; } jer tend to 0. But we can do so as slowly
as we want.

Remark 1.3.2. The universality in the shape of the Pair Correlation Surface with respect to , as seen from
Theorem 1.1, while surprising, is also anticipated. When studying the pair correlation of zeros of L-functions,
one typically uses an explicit formula to connect the zeros to primes, leading us to examine moments of
sums of the form

anAr(n) L . Ax(n)
Z nT, where f(S,ﬂ') = Z o s
n<X n=1

and the sequence {a,} corresponds to Montgomery’s weight function w(u), or to more general weight
functions. Importantly, if we write A;(p) = Ax(p) log p then the distribution of the coefficients A, (p) is not
universal across different 7. If m € 2%, then there are two conjectured limiting distributions for the A (p)’s:
Sato—Tate or a uniform distribution with a Dirac mass term (see Serre [52]). As the degree increases, the
number of possible limiting distributions increase. However, the Rankin-Selberg L-function theory shows
that all these distributions share the same second moment under Hypothesis H; (see Lemma 2.9). This
common second moment is key to the universality in the n-level correlations, as shown by Rudnick and
Sarnak [49] as well as in the shape of the Pair Correlation Surface.
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Remark 1.3.3. The expression Sy (X, T, p..) in (1.7) can be viewed as an exponential sum associated to the
differences p, — pl. as p, varies over the non-trivial zeros of L(s, ). Assuming the Riemann Hypothesis
for L(s, ) and taking into account the attached weight function w(p, — p..) in (1.7), a trivial bound for
Re Sx(X, T, p.) is Or(log T'). Theorem 1.1 shows that for most p/, the quantities Re S (X, T, p..), once
centralized, exhibit square-root cancellation.

Remark 1.3.4. The restriction for the range of « in Theorem 1.2 naturally arises in the calculation of
the r-th moments and reflects upon Montgomery’s result, in which case, the asymptotic (1.2) holds for
0 < a < 1. This restriction may be surpassed if one considers averaging over suitable families of L-
functions. For instance, by averaging over certain families of Dirichlet L-functions and GLy L-functions,
analogous versions of (1.2) have been established for extended ranges of «, see the works of Ozliik [47],
Chandee—Lee-Liu—Radziwilt [5], and Chandee—Klinger-Logan-Li [4].

A significant observation is that Theorem 1.1 does not entirely address the uniformity in o with respect to
T. Specifically, in (1.11) if X is small compared to T, say X =< (log T)*™ for some fixed 0 < o < 1/(2m)
then as we shall see later, the asymptotic estimate for S,y (X, T') is influenced by a term of order X “2logT.
This phenomena mirrors the asymptotic relation (1.2) obtained by Montgomery for {(s). This sharp transition
in the behavior of Sy (X, T) accounts for the observed distortion in the distribution of S; (X, T, p’.) for
small ranges of X, as seen in Figure 1 and also in [1]. To explore this in more detail, we study a finer
second-order distribution of Sy (X, T, p,.) when X is of size (log T")®. We consider the shifted sums

~ L
(1.20) S (X, T, pl) := Se(X, T, pl) + X—2f(pgr —2,7),
~ 1 ~
1.21 (X, T) = (X, T, p
(1.21) Re S r(X.T) := =y > ReS(X,T,p))
[Tm o7 [<T
and define

~ Re S, X,T,p.) — (mlogT) Y(min{log X, mlog T
(1/2)(min{log X, mlogT})?
where :S';(X , T, pl) and :S'Vav,ﬂ(X , T') are defined by (1.20) and (1.21) respectively. For small ranges of X,
we can relax the assumption of RH for L(s, ) and instead adopt a weaker hypothesis regarding the density
of zeros of L(s, ) near the critical line.

Hypothesis Z... Let m € N and © € o7,. There exist constants A, > 0, B; > 0 (depending on 7) such that

. A (oL
Np(0,T) = [{px = Br + v : 0 < B, 12| < T, L(s, pr) = 0} <o T+ A47(0=3) JogBr T,

uniformly for o > Land T > 2.

[\V]

Remark 1.3.5. Hypothesis Z, is known for the Riemann zeta function and Dirichlet L-functions due to
Selberg [50, 51] and for any 7 € 7, due to Luo [36] and Beckwith—Liu-Thorner—Zaharescu [3].

Assuming Hypothesis Z, our main result in this direction is as follows.

Theorem 1.3. Let m € N and © € ,,. Assume Hypothesis H, and Hypothesis Z. for L(s, ) with
By < 3. Let {a} jen be any sequence of strictly positive real numbers decreasing to 0. Then there exists

an increasing sequence {V;};en tending to oo with the following property. For any sequence {Tj}jcn such
that T; > Vj for all j € N, we have for all A\ € R,

1 ~ 1 A 19
123)  lim ———# { [Im(p})| < Tj: Qu((log Tj)™, Tj, ply) < Ap = —== [ e 7" d
(1.23) ji}rgoNﬂ(zy)#{\m(pw)! it Qr((log T;)™™, Ty, pr) < } %/Ooe 2% du,

where N (T) is as in (1.5), p. runs over non-trivial zeros of L(s, ) and éﬂ(X, T, pl.) is defined by (1.22).
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To prove Theorem 1.3, we establish asymptotic estimates for the moments

—~ 1 5 min{log X,mlogT}\"
1.24 X, T):= X, T, pl) — - .
029 0T = §/j|<T(Resﬂ< Tpl) - T
m pl |<

Theorem 1.4. Let m € N and 7 € <,,. Assume Hypothesis H, and Hypothesis Z. for L(s, ) with B, < 3.
Let X,T > 3,7 € Nand My (X, T) be as defined in (1.24). Fix a € R such that 0 < ram < 2(3 — By).
If r is even, then

—~ <am loglogT

3 .
M (1o T 7) = ar (EEL) 4 0 (togon 7))

where p, is given by (1.19). If r is odd, then

M ((10g T)*™ T) <o (loglog T) 2.

Remark 1.3.6. Theorems 1.3 and 1.4 hold unconditionally when m = 1 or m = 2.

1.4. Smooth Weight Functions and Distributions Associated to Triple Correlation. Fix X > 2 and
consider the function f on (0, co) defined by

<£)2 T <

X ) N

(1.25) f(x) = <X>2
N , T 2
x

Then (1.7) can be viewed as

(1.26) Se(X, T, ply) = Flox = ph),
[Tm pr |<T

where f denotes the Mellin transform of f. We first show that the results from Section 1.3 hold when f is
replaced by a large class of smooth compactly supported weight functions.

Let ¥ € C2°(0, 00) be a fixed non-negative compactly supported smooth function. Fix X > 2 and define
z

(1.27) V() =0 (X

), z € R.

Let T" > 2 and define

1

(1.28) Swvrw(X,T) := N > ReSrw(X,T,p)
[Im o7 [<T

where

(1.29) Sew(X,T,pl) = > Wx(pr— ),
[Tm pr |[<T

and pr, pl. vary over the non-trivial zeros of L(s, ). For 7 € N, consider the moments
(1.30)

1
My g, (X, T) =

Nx(T)

Our next result extends Theorem 1.2 for the above class of smooth compactly supported weight functions.

min{log X, mlogT} [ W%(t) dt)r

Z (RGSW,\I/(XvTvp;T)_ mlogT 0 t

Imp’ |<T
Pr

Theorem 1.5. Let m € N,w € 4, and 0,, € [0,% - m%ﬂ] be an admissible exponent towards the

Ramanujan conjecture for L(s, ). Assume Hypothesis H; and the Riemann Hypothesis for L(s,m). Let
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05 054

1] 2 4 6 8 10 12 —4 -2 o 2 4 6

FIGURE 3. Left: A discrete approximation of the probability density function associated
to Sy w(X1, X2, T, pr) where L(s,m) = ((s), X1 = Xo = T2 (in green). The probability
distribution of a Chi-squared distribution with two degrees of freedom (in red). Right: A

discrete approximation of the probability density function associated to S\ﬂ-,\p (X1, X2, T, pr)
where L(s, ) = ((s), X; = T2 and X = T% (in blue). The probability distribution of a
Laplace distribution with mean zero and scaling parameter one (in orange).

U € C(0,00) be a fixed non-negative compactly supported smooth function. Let X, T > 2,7 € N and
Mz (X, T) be as defined in (1.30). Fix o € R such that

1

If r is even, then

log T [ U2(t) \? .
Mua 0, 1) = o (2L [T ) 0110875,
0

where p, is given by (1.19). If r is odd, then
r—1
2.

MW’\II,r (Tam7 T) <<7Ta\I,1T7a (log T)

Similar to Conjecture 5, we expect the results in Theorem 1.5 to hold for all fixed & € R\ {0}. Theorem
1.5 implies the following result on the distribution of S w (X, T, p..). Define
Re S, (X, T, p') — (mlog T)~! min{log X, mlog T} [>°t~ W2(¢)dt
(131 Qru(X,T,pl) o= ReEmw T pn) = (mlog T) 7 minflog X, mlogT} J, t7H7(1) dt
(1/2) (min{log X, mlog T} [ t=1W2(¢) dt)?

where Sy w (X, T, pl) is defined by (1.26).

Theorem 1.6. Let m € N and © € <,,. Assume Hypothesis H, and the Riemann Hypothesis for L(s, 7).
Let ¥ € Cg°(0,00) be a fixed non-negative compactly supported smooth function. Let {c;}cn be any
sequence of strictly positive real numbers decreasing to 0. Then there exists an increasing sequence {V;}jen
tending to oo with the following property. For any sequence {T}}cn such that T; > Vj for all j € N, we
have for any A € R,

1 A 1,2
- —u
.

where N(T) is as in (1.5), pl. runs over non-trivial zeros of L(s, ) and Q. w(X, T, p.) is given by (1.31).

1 om /
(132) lim {Im(o)l < Ty Quw (1377, 0) < A} =
J

j—oo Ny

Our final result concerns the distribution of non-trivial zeros of automorphic L-functions with respect to
their triple correlation. Let ¥ € C2°(0, 00) be a fixed non-negative compactly supported smooth function.
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FIGURE 4. A discrete approximation of the probability density function associated to

Srw (X1, Xo, T, pr) where L(s,m) = ((s), X1 = T?% and X = T2 with as varying
between (0.35,0.65) in a discrete equi-spaced manner.

Let X1, X2, T > 2 and consider the sums

(1.33) Seu(X1, X0, Topr) = Y. Y Uxy(pra — pr) Uy (or — pr2),

[Im pre,1 |<T' [Im pre 2| <T'

where pr 1, pr,2 vary over the non-trivial zeros of L(s, ). For r € N, consider the moments

_ 1 R
(1.34) My (X1, X2,T) := N7 > (ReSru(X1, X2, T, px))"
[Tm pr |[<T

Forr € N, let

rl if r is even,
(1.35) L, = e

0 ifrisodd,
and
(1.36) X, =2"-rl
Theorem 1.7. Let m € N,w € 4, and 0,, € [O,% - m%ﬂ] be an admissible exponent towards the

Ramanujan conjecture for L(s, ). Assume Hypothesis H; and the Riemann Hypothesis for L(s,m). Let
U € C(0,00) be a fixed non-negative compactly supported smooth function. Let X1, X2, T > 2,7 € N

and My w (X1, X2, T) be as defined in (1.34). Fix a1, ag > 0 such that

1

0< < —F .
a1t mr(1+ 6p,)

Then the following holds.
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(1) Suppose ay # aw. If 1 is even, then

—~ my/araglogT [ W2 (¢ "

Moo (T, T T) = L, <122g /0 t()dt> + On gt (108 T)"72),
where L, is given by (1.35). If r is odd, then

r—1

2.

M\w,qf,r (Talm’ Tana T) <<7r,\Il,r,a1,a2 (IOg T)
(2) Suppose oy = ag = . Then for any r € N,

o0 \[y2 r
Mgy (T, T, T) = x, (am 120g L / v t(t) dt> 4 Opwra((logT)™b).
0

Remark 1.4.1. The moments in the case of triple correlation are not Gaussian. In fact, the elements of the
sequence L, defined by (1.35), coincide with the moments of a random variable following the distribution
Laplace(u, b), where the mean p is zero and the scaling parameter b is equal to 1. On the other hand, the
elements of the sequence x, defined by (1.36) are precisely the moments of a Chi-squared distribution Xi
with degree of freedom k equal to 2. In particular, the distribution of Re 3\”7\1; (Toam Te2m T pl ) exhibits
the characteristics of a Laplace distribution when «; # a9 and that of a Chi-squared distribution when
a1 = Q9.

Remark 1.4.2. In Figure 4, we observe that the Laplace surface shifts as g varies, until ae approaches a;,
at which point it begins transitioning into a Chi-squared distribution. A natural question is what specific
insights can be drawn about this phase transition, where the Laplace distribution evolves into the Chi-
squared distribution. In this context, our proof of Theorem 1.7 actually yields a slightly stronger result. Let
f : R — R be any function such that f(7") — oo as T" — oco. For T' > 2 sufficiently large, if

f(T)
logT"’
then we have Conclusion (1) from the statement of Theorem 1.7. Conversely, if

1
F(T)log T

lag — ag| >

lag — ag| <

then Conclusion (2) holds.

1.5. Structure of the paper. The paper is organized as follows. In Section 2, we provide some background
on automorphic L-functions and introduce preliminary lemmas which include explicit formulas for L(s, 7),
Landau-Gonek type results, and key asymptotic estimates related to Hypothesis H,;. In Section 3, we carry
out majority of our work towards estimating the moments in the case of pair correlation. Section 4 is devoted
to the proofs of Theorems 1.1 and 1.2. In Section 5, we address the issue of uniformity in o with respect
to 1" and prove results using Hypothesis Z,. The proofs of Theorems 1.3 and 1.4 are singled out in Section
6. In Section 7, we move on to a general class of smooth compactly supported weight functions. Finally, in
Section 8, we study the distribution in the case of triple correlation and prove Theorem 1.7.

2. PRELIMINARIES

2.1. General Notations. For most part of the paper, notation will be introduced when it is needed. Aside
from that, we employ some standard notations.

e Throughout the paper, the expressions f(X) = O(g(X)), f(X) < g(X), and g(X) > f(X) are
equivalent to the statement that | f(X)| < C|g(X)| for all sufficiently large X, where C' > 0 is
an absolute constant. A subscript of the form <, means the implied constant may depend on the
parameter «. Dependence on several parameters is indicated in an analogous manner, as in <, ).

e For any set A, #.4 denotes the cardinality of the set A.
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e For s € C, we denote the Mellin transform of ¢ : (0, 00) — C by

o
b6)i= [ el o
0
when the integral exists.

2.2. Background on L-functions. We recall some standard facts about L-functions arising from automor-
phic representations. For more details, see Iwaniec—Kowalski [22], Jacquet [25], Jacquet—Shalika [27],
Jacquet—Piateski-Shapiro—Shalika [26], Rudnick—Sarnak [49] and Shahidi [53].

Let m € N and .27, be the set of irreducible cuspidal automorphic representations of GL,,, over Q with
unitary central character. Given w € .27, with conductor ¢, let L(s, ) be its standard L-function. There

exist suitable complex numbers a1 (p), @2, (p), - - - , Q.= (p) such that
2.1) Lis,m) =[] 10— =3 ==
p prime j=1 n=1

Both the sum and the product in (2.1) converge absolutely for Re(s) > 1. The oj»(p), 1 < j < m are called
the local roots or local parameters of L(s, ) at the prime p and they satisfy |a; »(p)| < p for all primes p.

We also have spectral parameters r (1), kz(2), ..., kz(m) € C such that if we define
m .
_ms S + F';ﬂ'
L(S,T(OO) =1 2 1_[11_‘<2(.7)>,
]:

then the completed L-function
A(s,m) = (s(1 = ))°"q3/* L(s,m) L(s, moc)

is entire of order one. Here we let 6, = 1 if 7 € & is trivial; otherwise, 6, = 0. Let T € 2, be the

contragredient representation. Then o (p) = a;x(p) and kz(j) = kx(j) for j = 1,2,..., m. Moreover,
there exists a complex number £, of modulus one such that for all s € C,
(2.2) A(s,m) = e A(1 — s,7).
The bounds
2.3) 10g, [@jx(p)] < Oy Re (kn(5)) = —Om
hold for some
2.4) 00, < 1 1
. ~ m 2 m2 + 17

due to Luo—Rudnick—Sarnak [37, 38] and Rudnick—Sarnak [49]. The Ramanujan conjecture and the Selberg
eigenvalue conjecture assert that (2.3) holds with 6,,, = 0. This is not known except in specific cases, such
as when m = 1, and for GLo L-functions corresponding to holomorphic forms due to Deligne [7]. For
Re(s) > 1, we take the logarithmic derivative of (2.1) to obtain

(2.5) L s,w):ZA;@,
n=1

where A (n) is supported on prime powers and is given by
m
(2.6) A(p") =" ajx(p)*logp.
j=1

Denote by pr = B + 7, the non-trivial zeros of L(s, 7). Define
(2.7) Nﬂ(o'a T) = #{Pn = By +ivg : Br 2 0, "Yﬂ| <T, L(p7r77T) = 0}
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As with ((s), following a standard winding number argument, we can show that
T

(2.8) N (T) := N;(0,T) ~ —log q;T™.
T

The Riemann Hypothesis (RH) for L(s, ) asserts that Re(pr) = 3

2.3. Sums over Zeros to Sums over Primes. Landau [34, p. 353] showed that for X > 1 and not a prime
power,

A(n) CI Xl s XP—s & X —2n—s
2.9 = —

n<X n=1
where p runs over the non-trivial zeros of ((s) and s # 1,5 # p,s # —2n. A truncated version of (2.9)
was established by Gorodetsky [17]. The following lemma provides an analogous version of such results for
L-functions arising from automorphic representations.

Lemma2.1. Letm € N, 7 € 4, and 0,, € [O,%
conjecture for L(s,m). Let X > 2 and

T > 2+ [Im(s)| + [Tm(xx(5))],

p— _H] be an admissible exponent towards the Ramanujan

foreach 1 < j < mwhere k(j) € C are the spectral parameters. Let s € C such that L(s, ) # 0. Then
(2.10)

Aﬂ—(n) L/ les X Prn—$ X 2k—kx(j)—s
D A AL e pr — 223 2k + fir(j +S+E”(X’T’S)’
n<X [Im(pr—s)|<T keNu{0}

1<j<m

where 0 = 1if L(s,m) = ((s) and zero otherwise,

4Re(®)| xOm Jog X X 4Re@) og?(XT) (X 1H0m 1
Er(X,T,5) <x = > o8 | )< )

XRe(s) (1’ T(X) T XRe) | log X

and (X) denotes the distance of X from the nearest prime power other than X itself. Furthermore, if X is
not a prime power, we have the explicit formula

Aﬂ-(n) ) X Ppr—S —2k—kx(j§)—s

T S L Wiy p) pe i)
n<X keNU{0}
1<j<m

In (2.10) and (2.11), if s = 1 and 6, = 1 then the term X'=5(1 — s)~! — L'/ L(s, ) should be interpreted
as log X — ~, where ~ is the Euler—-Mascheroni constant.

Proof. All implied constants are allowed to depend on 7. Let 0 = max{0,1 — Re(s)} + (log X)~!
apply Perron’s formula to obtain

og+ico L/ Xw

1
2 Anlnt =g | T de

n<X o000

A standard argument [40, Corollary 5.3] allows us to truncate the above integral as follows:

oo+iT / w
(2.12) > Ar(n) _ 1/ —Lf(s+w W)Xf dw + R(X, T, s),

ns 211 :
n<X o—iT
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where T > 2 + |Im(s)| 4+ [Im(k(j))| for each 1 < j < m and
(2.13)

o~ Ar(n) ( X\ 1 40 4 X0 ([
RA(X,T,s) <x Z nREE(Sz (n) min {1, Tllog(X/)] } + T <_L (o0 + Re(s),w)) .
n=1

n#X

When n > 2X orn < X/2, [log(X/n)| has a positive lower bound and therefore, the contribution from
these terms in (2.13) is

<z

X0 ) xmax{0,1-Re(s)} log X
T <—L(0'0 + Re(s),w)) <z T .

Consider next the terms for which X/2 < n < X. Let X be the largest prime power less than X. We can
assume X /2 < X; < X, since otherwise the terms under consideration vanish. For the term n = X, we
have log(X/n) > (X — X;)/X and therefore the contribution of this term to (2.13) is

4‘“6(5)'[\ (Xl) X X
TN mi - [Re(s)| yfm—Re(s) i -
< Re(®) min <1, ( 1)> <L 4 X (log X') min <1, ( 1)> .

For the other terms, we can put n = X; — v where 0 < v < X/2 and then log(X/n) > v/X;. Hence
the contribution of these terms to (2.13) is

4Re()] X 140m |og X Z 1 IRe(s)] X 14+0m—Re(s) 1502 X
<< .

<n X Re(s)T oo T

O<v<X/2
A similar argument holds for the terms X < n < 2X. Therefore combining all the cases, we obtain
4IRe(s)| x 1+0m—Re(s) 10g2 X
T

4/Re(s)| ymax{0,1—Re(s)} log X

+ )
T

where (X)) denotes the distance of X from the nearest prime power other than X itself.

Our next step is to shift the path of integration in (2.12) to the left. Let K; be a large positive number

depending only on 7 satisfying K > — Re(s) that will be chosen later suitably. Since 7" > 2 + |Im(s)| +
Im(kr(7))| for each 1 < j < m, by [22, Proposition 5.7], there exists T1,T» € [T, T + 1] such that

/ /

L L
(2.15) 7 (o+ilm(s) = iTy, ), — (0 +ilm(s) +iT1,7) <x log? T

X
R (X,T,s) <z + 4lRe(s)| x Om—Re(s) (160 X') min (1, )

T(X)

(2.14)

uniformly for —1 < o < 2. Note that the range of ¢ in [22, Proposition 5.7] can be extended to —1 < o < 2
at the cost of amplifying the implied constant. Moreover, by extending the range of integration in (2.12)
from | Im(w)| < T'to =T < Im(w) < T, the additional error is at most
X0 I xmax{0,1-Re(s)} |5 X

- (-L(ao + Re(s), w)> < —o,
which is acceptable. We replace the contour in (2.12) with a new contour C connecting the points o¢ —
iTy, — K —Re(s) —iTy, — K — Re(s) +iT1, 09 + iT1, in this order. By Cauchy’s residue theorem, we get

<Lr

1 oo+l 7 Xw 1 ) Xw XPr—s
5 ‘ —f(erw,?T)idw:T *f(sﬁvaw)idw* Z —
T Jog—iT w T Je w —Ta<Im(pr—s)<Ti pr =3
X —2k—kx(j)—s I X1-s
2.16 %t r(V+s L LA
(2.16) AP D) DU e i it AT A we

keNU{0},1<j<m
—Kr<Re(—2k—rx(5))
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Here 0, = 1if L(s,m) = ((s) and zero otherwise. Also, if s = 1 and §, = 1, the integrand has a double
pole at w = 0 and X'~%(1 — s)~! — ¢’/¢(s) should be replaced with the residue log X — « where 7 is
the Euler—-Mascheroni constant. We may shorten the sum over —75 < Im(p — s) < 73 to a sum over
—T < Im(p — s) < T with an additional error of at most

Z X 1-Re(s) X 1-Re(s) log T

<z
|pr — 5| T

<z
Im(pr—s)e(T,T1)U(—T2,-T)
which is again acceptable. Therefore, it remains to bound the integral over C.

To bound the horizontal parts of our integral over C, we break the range of integration Re(w) €
[— K — Re(s), 0¢] into three separate parts. First consider Re(w) € [-1 — Re(s), min {2 — Re(s), 00}].
We apply (2.15) to obtain

1 min{2—Re(s),00}+iT1 ¥ Xw 10g2 T xmin{2—Re(s),00}
— ——(stw,m)— dw <, ,
271 —1-Re(s)+iT} L w T log X
and the same bound holds if 7} is replaced with —T5. Next, the contribution of Re(w) € [2 — Re(s), 0¢]
should only be considered if this is a nonempty interval. In this case, we obtain

(2.17)

1 oo+iT1 L/( N )de - xmax{0,1-Re(s)}
Sy ST T T log X

21 Jo Re(s)y+imy L
The same bound holds if 7} is replaced with —7,. Now we consider the contribution from Re(w) €
[-Kr — Re(s),—1 — Re(s)]. Let D C C be the half-plane {c < —1 — Re(s)} minus a disc of radius
1/(4m) around each of the points —2m — k. (j) — s, where m € NU {0} and 1 < j < m. Forany w € D,
by taking the log derivative of the functional equation (2.2) for L(s, ) we have

L r
——(s+w,m)=—

L
5 (5 (2550) () o

J
Since w € D, we have L' /L(1 — s — w, T) < 1. By Stirling’s formula,
- I (1—s5—w+rz(j)
r 2

(2.18)

L
(2.19) +

(2.20)

) <z log(|s +w| + 2).
j=1
If Re(s +w + £ (j)) > 3, again by Stirling’s formula,

m

T -
2.21) ;r (W) < log(|s + w| + 2).

Otherwise, by using the reflection formula for I'(s), we have

T (54w + rq(f) I’ s+w + kq(5) s+w+ kr(f)
e Y1 (2 =3 D (1 D) S o (R )
7j=1 7j=1 7j=1
The sum involving IV /T" on the right-hand side of (2.22) is again <, log(|s + w| + 2). Since w € D, the
cotangent sum in (2.22) is O, (1). Combining all the estimates, we see that for any w € D,

L/
(2.23) ’L(s+w,7r) < 5 log(ls + w| + 2).

Therefore, it follows that
1 /1Re(s)+iTl L Xw log T /1 log T X —1-Re(s)
r .

224) — —= Z4q XoRels) g
( ) 211 —Kr—Re(s)+iTy L (S + “ ﬂ—) w W —Knx @ L T IOgX



16 DEBMALYA BASAK, CRUZ CASTILLO, ALEXANDRU ZAHARESCU

The same bound holds if 77 is replaced with —75. The combined error from (2.17), (2.18) and (2.24) is
acceptable. We may now choose K ; such that our contour lies inside D and therefore the integral over the
vertical part of C is bounded using (2.23) again. To this end, we obtain

1 —Kr—Re(s)+iTh I/ Xw 1 Kﬂ—T T
— _7(5 + w 7_{_)7 d Og( ) X—Kﬂ—Re(s) / dt
2mi ) K, -Re(s)—iT, L " Ky + Re(s) -1
—Kr—Re(s)
(2.25) <5 Tlog(K,T) X
K+ + Re(s)

Letting K tend to oo while still ensuring the constraints on K, the bound in (2.25) tends to zero. Therefore
combining all the error terms and putting together (2.12) and (2.16), we obtain (2.10).

If X is not a prime power, then by shifting X appropriately we may assume (X ) > % Therefore letting
T tending to co, Fr (X, T, s) tends to zero and thus (2.11) follows. O

Let p, and p/. denote non-trivial zeros of L(s, ). Recall from Section 1.1, for X > 2 and T > 2,

S(X,T.p)= Y. X rw(pr — pl),

[Im pr |<T

1
E Re S (X, T, p!
NT{.(T) € 71'( bl 7p7r)7
[Im p7 |<T

where w(u) and N (T") are given by (1.4) and (1.5). Fix X > 2. Define the sequence
2
(1) vex
(2.26) ap, = b%
() , n=X.

and Sy (X, T) =

n
Equipped with Lemma 2.1, we are able to establish the following result.
Lemma 2.2. Let m € Nand m € <,. Let X,T > 2 and {a,} be the sequence given by (2.26). Then

for all non-trivial zeros p. = B + ivk of L(s, ) with |v.| < T outside an exceptional set of size at most

Ox(VTlogT), we have

. 2 apAr(n)  mlog(|yL| +3 X1-6x 1
@ Xl - gy = - 3 2 B o (X2 1)
P n=1

Proof. Fix a non-trivial zero p/. = (. 4 i~/ of L(s, 7). We may assume that |y/.| > +/T". For X not a prime
power, s # 1, and L(s, ) # 0, Lemma 2.1 shows that

Ar U Xprs X~ 2hhn ) s
(2.28) > n(sn) =T (sm)+0 f - Z DD s

n<X kzeNu{O}
1<j<m

where §, = 1if L(s,m) = ((s) and zero otherwise. Choosing s = 2 + p/_ in (2.28) and using the Dirichlet
series for L'/ L(s, ), we have

X Pr—Ph anAr(n) X' 7Pr )
2.29 - 7
( ) Z_2+(pﬁ_p;r) Z nPx 1—|—p7r 222k+2+/‘3w()+pﬂ

Pr n>X keNU {0}
1<j<m
Similarly, choosing s = —2 + p!_in (2.28) yields
(2.30)
X Pr—Pr a A L X —2k—kx(§)—pr
e D B R By g
P T n<X P keNu{O} ~(

1<j<m
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Subtracting (2.29) from (2.30), we arrive at

oo /
: 3 A L X1=rn
E Xp’rip”w(pﬂ _ p;r) _ _ Gn, ﬂ(n) - )(727(p;r _ 2’71_) +

A L L (3= )1+ ph)
Z Z —2k— K/Tf( ) p;r
(2.31) + 72 !
keNU{O} 2k + Rke(g) + )2 — 4
1<j<m

Both sides of (2.31) are continuous when X is a prime power so we no longer exclude such cases. Note that
ifa < o < b < 0in a fixed vertical strip [a, b] x R, then
/

(2.32) —Lf(a+it,7r) = mlog(|t| + 3) + Ox(1),

uniformly in o. This follows by taking the logarithmic derivative of the functional equation (2.2) and
applying Stirling’s formula. Substituting (2.32) into (2.31), we obtain

0 / 1-8.
—ph N anAr(n)  mlog(|vx|+3) X = 1
DX w(pn —pl) = =) T+ i +0x | S+ 53 )

n=1
which completes the proof. ([l
Remark 2.3.1. The secondary main term m X ~2 log(|%|+3) in (2.27) is the key reason behind the distortion

in the shape of the Pair Correlation Surface when X is small compared to T'. We address this situation in
more detail in Sections 5 and 6.

Next, we replace Sy (X, T, p/.) by a sum over prime powers.

Lemma 2.3. Let m € Nand 7w € <. Let X,T > 2 and {a,} be the sequence given by (2.26). Then
for all non-trivial zeros pl. = Br + ivk of L(s, ) with |v.| < T outside an exceptional set of size at most
O.(VTlogT), we have

2 apAr(n)  mlog(|y.| +3) X1-Px 1 XlogT
Se(X.Topp) ==Y — = +—>3 H0u (Tt mt T )
n=1

Moreover, assuming the Riemann Hypothesis for L(s, ), we have

2 anAr(n)  mlog(|y.| +3) VX 1 logT
n=1

Proof. All implied constants are allowed to depend on 7. Except for OW(\/T log T') non-trivial zeros
= B! + i of L(s, ), we may assume /T < |74| < T — v/T. For such pl., we write

> X w(pr — pl) — Se(X, T, ply)

pr
X Pr—Pr X Pr—Pr
e =YY Moy oy
m= O’Yﬂ- Te mm+1]4+(77r_,y” m= 0,7 +T€ —m,—m— 1}4+(7ﬂ_’)/7r)

We focus on the first sum on the right hand side of (2.33), i.e. the case when -y, > T'. By estimates on the
local density of zeros of L(s, ) (see [22, Prop. 5.7]), the first sum is

X log(T + 1 i 3 XPr—pr
_ A )2
4+ T ’Y m=1-, T€mm+1}4+(’y7T ,yﬂ-)

XlogT /OO Xlogu du < XlogT
T T41 (W —7)? ToVT

(2.34) <z
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A similar argument holds for the second sum on the right hand side of (2.33), i.e. the case when v, < —T'.
Moreover, assuming RH for L(s, 7), we have | X?7~Px| < 1 and the bound for (2.34) is <, T~/21logT.
Now applying Lemma 2.2, the desired conclusion follows. ([l

2.4. Landau-Gonek Generalizations for L(s, 7). We begin with a refined form of Gonek’s result [16] on
sums over zeros of L-functions due to Murty—Zaharescu [44] and Ford—Soundararajan—Zaharescu [9].

Lemma24. Letm € N, 7 € 4/, and 0,, € |0, % —3 Jrl] be an admissible exponent towards the Ramanujan
conjecture for L(s, ). Let x > 1,T > 2 and denote by n, the nearest prime power to x. Then for any € > 0

(2 35) Z l-ﬂw = — nx) SIH(T 10g(1‘/nm)) + O ﬂfl+0m+€ 10gT + logT
| lyx|<T T log(z/n.) i logz )’
T

where if x = ny, the first term on the right hand side of (2.35) is —%.

Proof. The main term is obtained from [44, Proposition 1] and [10, Lemma 1]. To bound the error terms, we
follow [9, Lemma 2]. In their notation, we let F' = L(s, 7). The desired conclusion follows immediately. [
A quick consequence of the above lemma are the following two corollaries.

Corollary 2.5. Let m € N,w € o, and 0,, € (0,5 — 2+1

Ramanujan conjecture for L(s, ). Let T > 2 and suppose a,b € Nwith1 < b < a < T¢ for some £ > 0.
Then for any € > 0

(2.36) 3 (%)p’r — ——A (b) + Opec(a P+ 10g? T),

|y |<T

| be an admissible exponent towards the

Moreover, assuming the Riemann Hypothesis for L(s, ), for any ¢ > 0

a\ T /b a 1
: VT 22, <,> e ((ab) 3O e 1062 7).
237) S (5) = ohn (§) + Onecllab) i< 108 T)
Iym|<
Proof. First assume that a/b is not a prime power. Choose x = a/b in (2.35). Then x # n, and

llog(x/ny)| > a~!. Therefore the first term on the right hand side of (2.35) is < ¢ alog T The error term

in (2.35) in this case is
a) 146+

Lrte (g

for any € > 0 since log x > a~!. Therefore, we obtain

Pr
5 (5)" e @ bogt T

log? T + alog T,

[v=|<T
When a/b is a prime power, the main term in (2.35) is —M and the proof of (2.36) is complete.
Assuming RH for L(s, ), we have p, = % + 17, and thus (2.37) follows from (2.36). O

Corollary 2.6. Let m € N,w € o, and 0,, € (0,5 — m2+1]

Ramanujan conjecture for L(s, ). Let T > 2 and suppose a,b € Nwith1 < a < b < T¢ for some £ > 0.
Then for any e > 0

(2.38) 3 (%)p __Ta, <b> + Op e c(abfm e 10g2 T).

|'Y7r|<T

be an admissible exponent towards the

Moreover, assuming the Riemann Hypothesis for L(s, ), for any ¢ > 0

a\ O T Ja b 1
(2.39) Z (g) = —Tr\/;A; (a) + O ec((ab)20mFe10g? T).

[v=|<T
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Proof. Note that

=i () i @)

[y=|<T [v=|<T [vzI<T

Applying Corollary 2.5, we obtain

a\ Pr . Ta b Omte 2
(2.40) 3 (5) = —— A <a> + Op e o(abP+10g2 T).
7= |<T
Assuming RH for L(s, ), we have p, = % + i, and thus (2.39) follows from (2.40). O

2.5. Some Key Lemmas and Estimates. We record the following result for later use.

Lemma 2.7. Let z € Cand k € N. Then
k—1
1 [2k _ 1 2k i
Re(2)?* = % ( k) Re(2Z%) + = §‘ j ( . > Re(z2F17Y),

2 1 -
and Re( )2k+1 4k Z ( k+ ) Re(22k+1_251).

Proof. The proof is a direct application of the following two trigonometric identities:
E—1
1 (2 1 2k .
cosk 9 = 2%(]{;> + WZ ( ; > cos[2(k — 1)6],
i=0

1 2 1
and cos?tlg = 7 < kj_ ) cos[(2k + 1 — 24)0].
=0

It is essential for later analysis to understand variants of the following sum
|Ax(n)]?
(2.41) Z A A
n<X n

To do so, we require the following hypothesis of Rudnick—Sarnak [49].

Hypothesis H; : Let m € N and 7 € «,,. For any fixed k > 2

kY2
(2.42) > M”](ﬁ)' <00

p prime

Lemma 2.8. Letm € Nand 7w € o,,. Let X > 2. If w satisfies Hypothesis H, then

[Ar(n)]* _ log* X
> =+ 0x(1),
n<X

Proof. Asin [49, Eq. (2.25)], we use the upper bound for 6,,, and Hypothesis H;. to show that the contribution
from the prime powers is O, (1). Hence, we are just concerned with the sum over primes. When 7 is self-
contragredient, this follows from [13, Theorem 1.1]. Due to the zero-free region of Humphries and Thorner
[21, Theorem 2.1], the self-contragredient condition is no longer necessary. U
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Lemma 2.9. Let m € N, 7w € <7, and assume Hypothesis H. Let 2 < X < V and suppose {ay,} be the
sequence given by (2.26). Then

3 anlAx (P _ logv <X>2+ow
n |4
n<V
2 2 4
az|Az(n)| _logX  logV /(X
and Z - 5 1 % +O0x(1
n<V
Proof. The proof follows by partial summation and Lemma 2.8. U

Lemma 2.10. Let m € Nand © € <,,. Forany j € N with 7 > 1, we have
> el
p<X

Proof. We adapt and modify the arguments from [49, Page 15 and Prop. 2.3], and for clarity, we temporarily
adopt the notations used in [49]. By (2.3), it is sufficient to focus on the case where j = 2. We work with
the L-function L(s, (m x 7) x (7 x 7)). Consider the logarithmic derivative:

/ 4
(2.43) L rxmx@xmy=— 3 Aola(nl

S
Ls (n,9)=1 "

where S is the set of ramified primes and a,(n) is given by [49, Eq. 2.13]. The contribution from the
ramified primes and their powers is at most O (1). Differentiating (2.43) three times, we define:

A\ P ogn)3A(n) la.(n)|*
Q244 G(s):= <LS> (s+2,(mxm) x Fxm)= Y (log )[7\1(832' Qi

Ls (n,Sm)=1

Notice that L(s, (m x 7) x (7 x 7)) has a simple pole at s = 1, which implies that G(s) has a pole of order
four at s = —1. From here, the argument proceeds similarly to that in [49], with two notable changes. First,
the residue of G(s)x*(s(s + 1))~! at s = —1 is bounded by < X ~!(log X)*. Second, the sum over the
zeros can be bounded using the zero-free region from Humphries and Thorner [21, Theorem 2.1]. ([l

3. MOMENTS OF SUMS OVER PRIMES: PART I

By Lemma 2.3, it suffices to focus on sums over primes to study the distribution of S;(X, T, p..). Fix
& > 1. Suppose T' > 2 and let o, X, V satisty

1

(3.1 O<a<—, X=TY" and V =Xt
m

We begin by estimating certain mixed moments of sums over primes.

Lemma 3.1. Let m € N,7w € 4, and 6,, € [0, % — mQH
Ramanujan conjecture for L(s, ). Assume Hypothesis H,. and the Riemann Hypothesis for L(s, ). Let k, ¢
be non-negative integers with k + £ = 2d for some d € N. Let T' > 2 and o, &, X,V be as in (3.1) satisfying

1
2dm(1 4 €6,,)"
Let {a,} be the sequence defined by (2.26). Then

v 2 (B l) (Sor) -an( S H520)

[V |<T “p<V p<V

| be an admissible exponent towards the

a <

+ OTr,d,oz,{ (max{l, (IOg T)d_2})'

Here p, q run over primes up to V and di,¢y = 1 if k = £, and zero otherwise.
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Proof. All implied constants in the proof may depend at most on 7, d, & and £. For notational simplicity, let

o ey (D) (54

Ie|<T Np<V P q<v 42

and n := n(m,d, @, &) = 2adm(1 + £60,,). Note that n < 1. We break our proof into two cases.

Case 1 : When £ # /. Assume k > /. Consider the situation when ¢ = (. Then

1 i w
-Ak:,() = Nﬂ—(T) Z <i1;[apiAﬂ'(pi)> Z P_a_lrha

P1,p2,-- P <V |v=|<T

where P = p1ps - - - pi. By Corollary 2.6,

_TAs
Z P~ Y ( )+OW75(P%+9m+EIOg2T)-

el<T /P
for any £ > 0. Note A, (P) = 0 for those tuples (p1, p2, - .., pr) where all p;’s are not equal. Hence we get
kAk Ar(p k) V2d0mte |o0 T k
(3.3) Ao = Z Iphal + Ord¢ <Tg Z H Qp; ’Aw(pi)!)

D1, PV i=1

By Cauchy-Schwarz and Lemma 2.9, the error term in (3.3) is

V2d9m+slogT d alA » 2\ d -
ot LT (50 (0 WO e

p<V p<V

Since k > 2, by Cauchy—Schwarz, Hypothesis H, and Lemma 2.10, the first term on the right hand side of
(3.3)is K d,a,¢ (log T)_l. Hence by choosing € > 0 sufficiently small, we obtain

(3.4) Ajo K dae (logT) ™!

Now, assume ¢ > 0. Then

1 > (TT 1 ap Ar () (T g, A (q;)) > (Q)m
NA(T ’

A =

2
P1,D2, PRV (PQ) I |<T
Q1,qz,~~~,qe<V

where P = pip2 - --pi and QQ = q1q2 - - - qo. Note that P # (). We break the sum Ay, ; by writing
Apo = Aro(P > Q) + Apo(P < Q),
depending on whether P > @ or P < Q. Since /P ¢ Z, using Corollary 2.5, we have
(3.5) Are(P < Q) <rdage T
When P > (@), using Corollary 2.6, it follows that
Q\""_ T [Q, (P L4Otey 2
2. (p =\ phrlG) + Onace(PQF < 1og> ).
v |<T
Note that A, (P/Q) # 0 if and only if P/Q) is a prime power. Hence we deduce that
1 (apAr (p)* " Ar (p" ) aglA=(@)P\"
Ae(P > Q) raoge o7 ( . P q;/ - )T

p<V p
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Since k — £ > 2, the sum over p is Or 4.o,¢(1) following the same argument how we established (3.4). The
sum over q is <y 4.0.¢ (log X)* by Lemma 2.9. Therefore choosing ¢ > 0 sufficiently small, we obtain

(3.6) Aro(P > Q) Krdag (logT) !

In conclusion, from (3.4), (3.5) and (3.6), the overall contribution in Case 1 is < 4q,¢ (log T)d_2. A
concomitant argument follows when ¢ > k.

Case 2 : When k& = /. For k = ¢ = d, we have

Ly (T ap, A () (T2 g, Ar(g7) 5 <@>”ﬂ
N (T) ’

(3.7) Aga = 5
P1,02,-a <V (PQ)> x| <T

q1,925---,9d<V

where P = p1ps---pgand Q = q1¢o - - - gq. The main terms occur when P = (. If all the p;’s are distinct,
there are exactly d! ways to rewrite P as (. Applying Lemma 2.9 and Lemma 2.10, the contribution from
the case P = @ is

(H?: apiAW(pi))(Hd: aq]'AW(qj))
Z 1 e 7j=1

P1,P25--Pa<V
q1,92;---,9a<V
P=Q

3 (ITE-y ap, 1A= (po)*)

=d!
P

P1,P2,,Pa<V

d 2j 2 d=j 2 (A (p:)|2
-y fafi B (o 0y [T A ()| }
= VAN p p1p2 - Pd—j

P1,P2;--Pd—; <V -
DiFD

2
(3.8) <Z p! |> + Or dae((log T)42).

p<V

Observe that the error term in (3.8) doesn’t exist when d = 1.
Now, we concentrate on the error terms, which occur when P # ). Here, /P or P/( is never a prime
power. Applying Corollaries 2.5 and 2.6, we see that

(3.9) Apa(P > Q)+ Aga(P < Q) <ramee T

Therefore choosing € > 0 sufficiently small, from (3.8) and (3.9), the overall contribution in Case 2 is

2
(3 TN 0 cmaxt, Gon )

p<V

Combining the two cases, we arrive at our desired conclusion. (|

Our next lemma follows directly from Lemma 3.1 combined with Lemma 2.7.

Lemma 3.2. Letm € N, 7 € <, and 0,, € [0, % p— Jrl] be an admissible exponent towards the Ramanujan
conjecture for L(s, ). Assume Hypothesis H; and the Riemann Hypothesis for L(s,m). Letd € N, T > 2
and o, &, X,V be as in (3.1) satisfying

1

S 2dm(1 + €6,
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Let {a,} be the sequence defined by (2.26). Then

N:(T) 2 (Rezwyd ( > A ‘2> + Or d .o ¢ (max{1, (log T)""?}).

[V |<T p<V p<V
where g is defined by (1.19). Also, if

1

S m2d— 1)1+ €0’

then we have

Lo Y (Rey ) o ogy
NA(T) "5 o g (08

"Yﬂ"gT p<V

Proof. All implied constants in the proof may depend at most on 7, d, o and &. First consider the case when
the exponent is even. Using Lemma 2.7, we have

1 apA(p)\ 1 [2d 1 &L /2d
v 2 (R X)) Rettos) + g 2y ) RelAza-si,

2
[v=|<T p<V p

where Ay ¢ is given by (3.2). An application of Lemma 3.1 shows that

Nﬁl(T) 2 <Re > ajﬁﬁi}?)% - 2d2'd ( > <Z 2 |2> + Or dag(max{1, (log T)"*})

|y=|<T p<V

2
:N2d< Z p | > +OTr,d,oc,E(InaX{lv(logT)d_2})'

p<V

When the exponent is odd, in Lemma 2.7 none of the terms 2°Z’ are such that i = 5. Following the proof
of Lemma 3.1 and writing k 4+ ¢ = 2d — 1, the contributions arise only from Case 1. Assuming k > /, the
critical situation is when & — ¢ = 1. The bounds corresponding to (3.4) and (3.6) are then amplified by an
extra factor of log T" following an application of Lemma 2.9. A similar argument holds when ¢ > k. g

Now we extend our sums to prime powers. Let m € Nand 7 € 7,,. Let X, T > 2 and V = X¢ for some
fixed £ > 1. Let {a,} be the sequence as in (2. 26) Define

an7r

(3.10) AVA(T, X, V, {an}) :

|%|<T n<V

Iy ‘AnW ~ AT, X, V, {an}).

(3.11) and Var,(T,X,V,{an}): = 5
n<V

We first prove asymptotic formulas for Av, and Var, without assuming RH for L(s, 7).

Lemma 3.3. Letm € N, 7 € o, and 0,, € [0, % p— +1] be an admissible exponent towards the Ramanujan
conjecture for L(s, ). Assume Hypothesis H,. for L(s 7). Suppose T > 2 and o, &, X,V be as in (3.1)
satisfying

1
Let {ay} be the sequence defined by (2.26). Then
1
A2 Avy T7X7 y1WUnyg) — — gt )
G2 T XV o)) =~ + One (1o
amlogT
(3.13) and Varg (T, X,V {a,}) = ———— + Orae(1).

4
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Proof. All implied constants in the proof may depend at most on 7, & and £. By Corollary 2.6, we have

4 E a | (n)‘Q T 1+ —1+
3.1 A . 1 n| N\ Oﬂ— N am(14£0,,)—1+€
( ) v TN (T) e n ’ ’5’6( )

for any € > 0. By Lemma 2.9,

Ar(n)|?
(3.15) > A= _ log T+ O (1),
n
n<V
We choose € > 0 sufficiently small depending on 7, o and £. Substituting (3.15) into (3.14) and applying

a more precise form of (2.8) (see [22, Theorem 5.8]), (3.12) follows. Now, using (3.12) and Lemma 2.9 in
(3.11), (3.13) holds. ]

We are now ready to estimate our moments involving sums over prime powers.

Lemma3.4. Letm € N, 7 € o7, and 0,,, € [0, %—m%ﬂ

conjecture for L(s, ). Assume Hypothesis H, and the Riemann Hypothesis for L(s, ). Letd € N, T > 2
and o, £, X,V be as in (3.1) satisfying

| be an admissible exponent towards the Ramanujan

1
< 2dm(1 1 €6y’
Let {a,} be the sequence defined by (2.26). Then
1 AL 2d
> (Re > (")) = paaVar} + Op dag((log T)'3),

Na(T) | S2r 2t

n<V n2
where pog is given by (1.19) and Var; is defined by (3.11). Also, if
1
m(2d — 1)(1 + £60,,)’

«

a <

then we have

1 R anAr(n) 2d-1 Lo 7)1
Moy 2= \Be2 ) rdag (oa D)

= |<T n<V n

Proof. All implied constants in the proof may depend at most on 7, d, o and &. First consider the case when
the exponent is even. We write

an(T) Z <Rez W)M

bel<T N m<v T2
2d j 2d—j
1 2d apAr(p)’ anAr(n) J
(3.16) —M(T)Z(j) > (RGZW Re >, —ro—)
7=0 Y= |<T p<V nsv
n=p* k>2
By Lemma 3.2, the contribution to (3.16) from j = 2d is
1 GQ‘AW(P)‘Q d -
(317) H2d(2 Z pp> + Omd’ayg(max{l, (log T)d 2})

p<V
where po4 is defined by (1.19). By Hypothesis H;; (see [49, Eq. 2.25]),

1 ap|Ax(p)]?
71_: el - ﬂa 1 .
Var 5 E » + Or (1)

p<V
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Therefore applying Lemma 3.3, (3.17) is equal to
paaVarg + Or g0 ((log T)* ).

For j = 0, note that

2d 2d 2d
‘ Z anAr(n) <y Z ap’“Afr(pk) ‘ Z anAr(n)
= . ety St pQ—l-k:z'y,r st na T
n=p* k=2 2<k<m2+1 n=p¥ k>m>+1
Since
anAr(n
> oY et e,
k>m24+1n<y 2T
n=pF
we obtain
1 < anATr(n)>2d 1 ayeAq (p*) |2
Z Re Z T <<7rda§72 Z | T1
1 - [hatheat] B4 ke -
Nﬂ-(T) |"/7r|<T n<V n2+7’7 Nﬂ(T) |'77r|<T n:pk<\/ p2+ v
n=p",k>2 2<k<m?®+1
m2+1 kN 12d
1 apkAW(p )
(318) <<7r,d,047~§ Z Nﬂ—(T) Z Z %Jrki’yﬂ— +1a
k=2 [y |[<T ' n=ph<V

where in the last step, we apply Jensen’s inequality. To bound the contribution from the prime powers with
2 < k < m? + 1, we follow the same approach as in Case 2 of Lemma 3.1. Fixing some % and opening the
2d-th power, we obtain

1
N (T) 2

P1,p2,-,pa<V /P
01,q2,-,qa<V/®

(I A= () (TTjy A (4)) O\ ki
PO > (7))

[y |<T

where P = pip2 - --pg and Q = q1¢2 - - - ¢4. The contribution from the diagonal terms P = Q is O g..¢(1)
by Hypothesis H;. For the non-diagonal terms P # @, note that (/P is never a prime power and thus by
Corollaries 2.5 and 2.6, their contribution is also Ow,d,a,g(l)- Therefore the overall contribution when j = 0
is Or d.0,¢(1). Now suppose j # 0, 2d. By Holder’s inequality, the sum corresponding to each such j is

J_ d 2d—j
1 apn(p) ) ) 7 anhs(n)) 2
< — R Zp AT R Snm\le) '
|y |<T p<V |v=|<T n%V
n=p®.k>2

Using the estimates for j = 0, 2d, the above is < 4.¢ (log T)dfé. Combining the estimates for different
values of j in (3.16), we arrive at our desired result when the exponent is even.
Now, suppose the exponent is odd. We consider two cases. When d = 1, by definition and Lemma 3.3,

Now assume d > 1. The proof is similar to the case for even exponents. For j = 2d — 1, by Lemma 3.2,

! - Rezw o < (log T)4!
N (T) T i (logT)"
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For j = 0, by Cauchy—Schwarz and our previous case on prime powers for even exponents,
2d—1
1 Z CLnAﬂ- (n)
Re E —_— L rdagt L.
N(T) ny+in Tt

[v=|<T n<V
n=pk k>2

When j # 0 or 2d — 1, we first use Holder’s inequality to bound the contribution by

69yl 2 (s

Iy |<T Iyn|<T

1—j

2d—
dl) 2d—1

2
anAr(n)
Re Z Lty
n<V nz "
n=pk k>2

2d
Re Z apAT('(p)

v p%+7»'77r

For the sum over primes, by Cauchy—Schwarz and Lemma 3.2, one has

A 2d—1
3 Rezw
2+1'Y7r
hel<T!  p<v P
9d\ L 2d—2+ 1
2Ax(p) )77 7 A= (p) ’
o (5 () (5 (e
l<T N PV hal<T > sV
(3.20) e (logT) 2,

A similar argument works for the sum over higher prime powers and thus, (3.19) is
1 1. _J d—1—j
& g (Ne(T) (log X)T3) T (N (T)) T < gae (log T)™
Nx(T)

when j # 0,2d — 1. This completes the proof. ([l

<<7T,d,a

4. PROOFS OF THEOREMS 1.1 AND 1.2

In this section, our objective is to prove Theorems 1.1 and 1.2. We will slightly modify (3.1) by imposing
§> %. This additional constraint is necessary for the arguments to follow, and we will discuss it further at
the end of the section. We start with the following lemma.

Lemmad.1. Letrm € N, 7 € <7, and 0, € [0, % —3 +1] be an admissible exponent towards the Ramanujan

conjecture for L(s, ). Assume Hypothesis H, and the Riemann Hypothesis for L(s, ). Let T > 2 and
a, &, X,V be as in (3.1) satisfying

1 4

a< — and &> -.

m(1+&0m) § 3

Let {a,} be the sequence defined by (2.26). Then

1
Re SaV,Tr(X) T) =+ 07-(70[75 (M) .

Proof. Applying Lemma 2.3, we can write

1
ReSav,ﬂ-(X,T):N T Z RGSW(X,T,,O;)
(1) Sy
! YR Zan LS (Reso(xX.T.41) +RZM
Nﬂ-( 2+VY71- ﬂ—(T) 4 n2+2’y7'r
Ivel<T  n=l PR n=1

“4.1) + O

<logT \F+ 1(%’)7
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where £ is an exceptional set of non-trivial zeros p). = B, + i7, of L(s,m) with |7.| < T and #& <,
VT log T'. The second term on the right hand side of (4.1) is

(4.2) Lra

) .
& N(T) Y (ogT + (Xlog X)?) Krae T,
™

PrEE

for some 91 = 61(m, o, &) > 0. To see this, we first remark that here we don’t use any cancellation on the
sum over zeros. By Cauchy—Schwarz and Lemma 2.9, the sum over n is <, (X log X )1/ 2. To bound the
expression Re S(X, T, p!.), we assume RH for L(s, ) and apply standard estimates on sums over zeros (see
[22, Eq. 5.32]). For the first term on the right hand side of (4.1), we write

@3) LY red )y LS ey el

where Av,; = Av, (T, X,V,{a,}) is as defined in (3.10). Consider the inner sum over n > V in the right
hand side of (4.3). By an application of Cauchy—Schwarz and Lemma 2.8,

1 1
anAr(n) = 2 |Ax(n)]?) 2 _
o T S 8 @) 2 e e
n>V k=0 *ne(2kV,2k+1V] ne(2kV,2k+1V]

for some dy = d2(m, v, &) > 0. Therefore bounding the outer sum over . in the right hand side of (4.3)
trivially, we arrive at

4.5)

— Av, <<ﬂ-a5T

+
m\<T n=1 N2

Putting together (4.2) and (4.5) into (4.1) and applying Lemma 3.3, the proof follows. U

Proof of Theorem 1.2. First suppose that the exponent is even and write r = 2d. We let X = 7™ and
choose V = X¢ for some ¢ = &(m,d, o) > % such that
- 1
2dm(1 + &6,,)

Then Lemma 2.3, alongside the argument we used to establish (4.4), shows that for all non-trivial zeros
pl = % + ik of L(s,m) with |v%| < T outside an exceptional set of size at most O (VT log T'), we have

(4.6) ReS:(X,T,p}) = —Re Y M

n<V n2

/
P BL(X T ),

where E!' (X, T, pl.) <r.d.a T~ for some §; = &1 (m, d, ) > 0. Therefore we have

1 / \\2d
Nﬂ—(T) Z (R‘eSﬂ'(X7T7p7T))

[V |<T

_ 1 anAr(n) 2

- N > ( Re ) v + EL(X, Tpﬁ)>

AN n<Vv
- > ((ReSH(X,T, p))* — ReZMJrE’(X T, o) “
Nx(T) PrEE T n<V ne i i

=U1 +Us
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say, where £ is an exceptional set of non-trivial zeros p, = [ + @7, of L(s,m) with |v.| < T and
#E < VTlogT. An application of Lemma 3.4 shows that

U= —— 3 <Re 3 “"A”(”)>2d + Onda (UOg T)“)

1.0 1
N (T) o gt T
T X

1
= ungari + Ox,d,0((log T)d 2)

where pog4 is given by (1.19) and Var;; is as defined in (3.11). An argument similar to how we proved (4.2)
shows that Us <1 .o T—9 for some dy = da(m,d, o) > 0. Combining the estimates for ¢, and Us,

1
N=(T)

4.7) 3" ReSH(X, T, p)* = paqVard + Orga((log T)3).

[y I<T

Applying Lemmata 3.3 and 4.1, it follows that

amlogT\*? _1
M 1) = pas (L) 4 O (05T
When the exponent is odd, the proof is similar except that U < . (log T)d-1, ([l

Proof of Theorem 1.1. For each fixed € N, there exists J,. € N such that

1

o << ————————
J rm(1+ %Hm)

for all j > J,. By Theorem 1.2, for each such «;, there exists U; (7, ;) > 0 depending on 7 and ¢ such
that for any 7; > U, ., we have

r

1 a;mlog T =3 , 1
N (T}) Z < : A ]> (RGSW(TJ%mﬂijp;J_O‘j) = pr + Or((log Tj) " 2),
T <1y

where p, is defined by (1.19). Define the sequence {V}}cn as follows. For all j < Jy, let V; = 3. As j
varies over N, we choose

Vi =max{U;1,Uj2, -+, Ujr}, Jr <j<Jrpa.

Then for any sequence {7} } jen such that T; > Vj for all j € N, and for every positive integer r, we have

1 a;mlogT;\ "2 , " ‘
(4.8) No(T) Z <34g]> (ReSﬁ(Tf]m,Tj,p;) — og) — Wy, as j — 00.
T Iy

The conclusion of Theorem 1.1 now follows by employing the moment method along with an application
of the Berry—Esseen theorem. This is a well-known argument, for example, see Davenport—Erdds [6],
Montgomery—Soundararajan [43], Basak—Nath—Zaharescu [2] for such applications. O

The additional restriction & > %, compared to the results in Section 3, is crucial for establishing (4.6).
While one may improve the results for (4.4) by leveraging the outer sum over zeros, (4.6) critically depends
on the choice £ > %. This dependence arises because the sequence {a,, } defined by (2.26), originating from
the weight function w(w) in (1.4), does not decay rapidly enough. This issue does not occur when using
smooth, compactly supported weight functions in Section 7.
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5. MOMENTS OF SUMS OVER PRIMES: PART II

Letm € N, 7 € 4, and gﬂ(X , T, pl.) be as defined in (1.7). In this section, we focus on obtaining re-
sults about the distribution of S, (X, T, p..) and thereby addressing the issue of uniformity of « with respect
to T'. To do so, we assume the following zero density hypothesis for L(s, 7) which we alluded to in Section 1.

Hypothesis Z: There exist constants A, > 0, B, > 0 (depending on 7) such that
Ni(0,T) = #{px = Br +ive : 0 < B, |yel < T, L(5, pr) = 0} < TV A2 0P T,

uniformly for o > 5 Land T >

The following proposition is crucial towards establishing results without assuming RH.

Proposition 5.1. Let m € N, m € o7, and assume Hypothesis L. Suppose T,V > 3 satisfying

logT
5.1 logV = — .
G- ©8 0<10g10gT>
Let k.t € Nand suppose {p1,p2,...,pr} and {q17q2, ..., qe} be two sets of primes satisfying 2 < p;, q; <
Viforalll <i<kandl <j </l Let P= HZ 1 piand Q = H] 1 4. Then
Yr Q Prrf§ TlogQV
P ﬁﬂil Q - =Y ™ .
> e (3) = X (2) iy
[y |<T Iyr|<T
Proof. Let
Yre Y pﬁ—l
_ B-1 (@ _ Q L AN
m= Y (PQ) <P> | H2_2<P) and H5_2<P |
|'77r|<T "77\"<T |"/W|<T

Choose 6 = (K loglogT)/logT for some K = K (A, B;) sufficiently large depending only on A, and
B,.. We write

|Hy — Hs| < ‘ Z ((pQ)Bﬂ_% B 1)<g>w .\ Z rO) Bw—g B 1)<g)m

[y |<T Iy |<T
|Br—31<8 |Bx—51>6
1 1
rke Y, (PQ 24 (PQ)2 " —2)
Iy=|<T
1<Br<its
(5.2) + > (PQ) +1ogv/ (PQ)* V2N, (o,T) do
|%|<T 1/2+3
Br>
By Hypothesis Z,, our choice of § and (5.1), we can allow
1
T
(5.3) (PQ)° +1logV / (PQ)" 2N (0,T)do <ot +—sioo
%ng /248 i " (log )10
Brz3+6

say. So we focus on the first term on the right hand side of (5.2). By Taylor expansion, this is

(5.4) mhelog? Vo D" (B —5)*

2
v |<T
1<Br<i+s
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By partial summation and Hypothesis Z,

1 5 T T
(Br — *)2 L kot T logB~ T/ 0T 4040 + —— Lrktl 7o

$<Br<3+6
Therefore along with (5.2) and (5.3), we see that

Tlog?V

. Hy — Hy| <ppg ——8 Y
(5.5) |Hy 2| Kr kit (log T)7 -

Note that

(=@ Q)" (- (@)

and hence using techniques similar to how we established (5.5), we deduce that

1
Q\’2 T Tlog?V
5.6 Hy — H. x = -1 e Lkl -
(5.6) [Hy — Hs| <n ke | Z;T ((P t log T)10 SRL (1og T)2 B
Y |S
|Br—%1<6
Combining (5.5) and (5.6) and applying triangle inequality, we arrive at our desired conclusion. g

Fix £ > 1. Suppose T' > 3 and let o, X, V satisfy
1
(5.7) 0<a<—, X=(logT)*" and V = X6,
m

Equipped with Proposition 5.1, we establish an analogue of Lemma 3.1 for small ranges of X compared to
T'. Our proof strategy is similar to Lemma 3.1. We highlight only the differences.

Lemma 5.2. Let m € N and 7 € <,,. Assume Hypothesis H; and Hypothesis Z. for L(s, ) with B, < 3.
Suppose k, { be non-negative integers with k + £ = 2d for some d € N. Let'T' > 3 and o, &, X,V be as in
(5.7) satisfying dam < 3 — By. Let {ay} be the sequence defined by (2.26). Then

v 3, (D) (See) —ae (5552

[vx|<T “p<V p<V

+ Or .06 (O max{1, (loglog T)* 2} + (log T) ™),

for some € > 0 depending at most on 7, d, o and . Here p, q run over primes up to'V and 8y = 1 if k = ¢,
and zero otherwise.

Proof. All implied constants in the proof are allowed to depend on 7, d, o and £. For notational simplicity,
let

s 2 (2 250) (5 2F7)

|v=|<T “p<V q<V

We break our proof into two cases.
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Case 1 : When k£ # /. Assume k > . When { = 0, similar to Lemma 3.1 we obtain By o <z da.¢
(log T)~t. Now suppose £ > 0. By (2.2), we can write

Bk,e:N:(T) > (ilf[la,,i/\ )(Haqj ) S P,

P1,P25-Pe SV |y |<T
q1,925---,qe<V
k ¢ 7 -
s =y ([T ) g (PQ)M(QW
. = S d ,
Na(T) P1,02,-PE SV (PQ)2 [y |<T P
q1,925-,9e <V

where P = p1pa - pr, @ = q1g2 - - - q¢ and we use the fact that if L(p,,7) = 0 then L(1 — p;,m) = 0. By
Proposition 5.1, the inner sum over v, in (5.9) is

O\ 2 TlogV
(5.10) > <P> + Or dos TogT)E )

[v=|<T

By Cauchy—Schwarz and Lemma 2.9, the contribution to (5.9) from the error term in (5.10) is

log? V ap|Ax (p)]\ Xd+f
s T T Na. m, 1 T~

for some € > 0 depending on 7, d, o and £. To estimate the contribution from the first term in (5.10), we
note that () can never be equal to P. We break into cases depending on whether P > @Q or P < (). After
applying Corollary 2.5 and 2.6, the overall contribution in Case 1 is <y g.a,¢ (logT)~° for some ¢ > 0
depending on 7, d, @ and €. A concomitant argument follows when ¢ > k.

Case 2 : When k& = /. We write

1 ([T ap A (i) (T ag; Ax(g))) L (Q\ D
Bia = > o > (PQ)ﬁ"_2(> |
Na(T) P1,p2e P <V (PQ)> e |<T P
q17q27"'7qd<V

where P = p1ps - - - pg and Q@ = q142 - - - g4- The main terms again occur when P = (). An application of
Proposition 5.1 shows that the contribution from the case P = @ is

> (I ap, An(2i)) (TT5=1 ag,Ax(a5)

(5.11) D

+ Oﬂ,d,a,£ ( (log T) —a) .

P1,P25-+,Pa <V
q1,92;---,9a<V
P=Q

Similar to the proof of Lemma 3.1, the first sum in (5.11) is equal to

)2
dl<z p 2l ) + Or.d.oge(max{1, (loglog T)42}).

p<V

The cases P # () can be treated as in Case 1. Putting together Cases 1 and 2, the proof follows. O

Lemma 5.3. Let m € Nand 7 € <,,. Assume Hypothesis H; and Hypothesis Z.. for L(s, ) with B, < 3.
Letd e N, T > 3and o, &, X,V be as in (5.7) satisfying dam < 3 — By. Let {ay} be the sequence defined
by (2.26). Then

2d 2
N,rl(T) Z (ReZ“PA”(p)> :u2d< Z ap|A ‘> + Or.g.0¢(max{1, (loglog T)%~2}),

P
[v=|<T p<v P p<V
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where pog is given by (1.19). Also, if (2d — 1)am < 2(3 — By) then for some € = (m,d, ., &) > 0,

2d—1
o 2 (X ) rne oD

P
|'Y7r|<T p<V p

Proof. The proof precisely follows the arguments in Lemma 3.2. U

Recall in (3.10) and (3.11), we defined

AT X V) = g 3 e X )

|'Y7r|<T n<V

1 a2 ]1\7T(71)|2 9
= — g L AVE(T, X,V {ay)).
2 = n VTI'( ) Y 7{a })

and Varw(Ta X, V, {a'fl}>

The key difference in our work here compared to Section 3 is the range of X. However this doesn’t change
the structure of the asymptotics for Av, or Var, as in Lemma 3.3. In particular, following the proof of
Lemma 3.3 and using the estimates from Lemma 2.9, we have for 7" > 3 and «, &, X,V be as in (5.7)
satisfying am < 2(3 — B;),

aloglog T 1
A2 A7TT7X7 5 n == T,0 ’
5.12 WXV ) = - o (L)
log log T
(5.13) and Varﬂ(T,X,v,{an}):%+0m75(1).

We are now ready to estimate our moments involving sums over prime powers.

Lemma 5.4. Let m € N and 7 € <,,. Assume Hypothesis H, and Hypothesis Z, for L(s, ) with B, < 3.
Letd e N, T > 3 and o, &, X,V be as in (5.7) satisfying dam < 3 — By. Let {a,} be the sequence defined
by (2.26). Then

1 anAyr(n)\* 1
N (T) > (ReZ " e ) = pogVary + Or g.0¢((loglog T) " 2),
[vx|<T n<V

where pog is given by (1.19) and Var, is defined by (3.11). Also, if (2d — 1)am < 2(3 — By) then

1 Z R Z anAﬂ(n) 2d-1 < 1
NA(T) C LT e mdag

[v=|<T n<V

Proof. The proof is similar to that of Lemma 3.4 with slight adjustments. For even moments, we write

S (em ) 50 5 (mp ) (e 5 )

|v=|<T n<V j=0 |v=|<T p<V n<V
n=pk k>2
By Lemma 5.3 and (5.13), when 5 = 2d, we have
1 apAr(p)\ d d—1
(5.14) N(T) Yo (Red ) = poaVark + Oraae((loglog 7)),
T er N v P

For j = 0, we break the sum over p, into two cases, 3, > i + 977” and otherwise. Note that

I | o

n=p",k>2 2<k<2(m24+1) k>2(m2+1)

2d 2d 2d

Z ap2 Ay (p?)

p2r

<4
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When 5, > i + 97*”, we have

anAr(n
Z L() <<7r,d,a,§ 17

npﬂ'
n=pk<V
k>2(m2+1)
which implies that
1 anAy(n)]*
5.15 _— x 1.
519 =PV ED VR s R
v |<T n=pF<V
Br>140m k>2(m2+1)
On the other hand, for 5, < % + 977", using Hypothesis Z,
1 anAy(n)]*
5.16 —_— x 1.
©-16) @ ’ 2 | Srda
e |<T n=pF<V

Br<iqfm k>2(m241)

Therefore putting together (5.15) and (5.16), the contribution from j = 0 is

1 anAr(n) 2d 1 a’pkAﬂ'(pk) 2d
v L (e X ) g 2| X PR
T sl N T al<T ! n=phey
n=pk k>2 2<k<2(m2+1)

From this point, we can proceed using the same approach as in Lemma 3.4. We begin by applying Jensen’s
inequality, and then handle each case for k individually, following the reasoning outlined in Lemma 5.2. In

particular, we obtain
1 a’pk Aﬂ' (pk)
wm | X MEE

vx|<T ' n=prgV
2<k<2(m2+1)

2d
<<7r,d,o¢,§ 17

which implies the contribution when j = 0 is O 44.¢(1). Finally when j # 0, 2d, by Holder’s inequality,

the sum corresponding to each such j is < gq.¢ (loglog T)dfé. Combining the estimates for different
values of j, we arrive at our desired result. In the case of odd moments, the argument is precisely as in
Lemma 3.4 with necessary applications of Lemma 5.3. O

6. PROOFS OF THEOREMS 1.3 AND 1.4

Letm € Nand 7 € ,. Suppose T" > 3 and «, £, X, V be as defined in (5.7) satisfying am < 2(3— B ).
Recall from Section 1, the shifted sums

!/

~ L
SH(X,T,p) = S:(X,T,p) + X—2f(pgr —2,7),
1

N(T) > ReSH(X,T,pl).

v |<T

and ReSy (X, T) =

Following the proofs of Lemmata 2.2 and 2.3, for all but O, (v/T log T) zeros p' = . + i’ of L(s, 7) with
0 < |v%| < T, we have

~ 2\ anAr(n) XlogT)
6.1 SA(X,T,p) =S 2 | o .
(6.1) (X. T, p) Z:jl ot ( N

Again, similar to Section 4, we slightly adjust (5.7) by allowing £ > 3. We prove the following lemma.
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Lemma 6.1. Let m € N and 7 € a7,,. Assume Hypothesis H, and Hypothesis Z for L(s, ) with B; < 3.
LetT > 3and o, &, X,V be as in (5.7) satisfying am < 2(3 — B) and § > 3. Let {ay, } be the sequence in

(2.26). Then
=~ aloglogT 1
v, T XaT e —— T = E
].{E}(Sa7 ( ) IOgT +O , 7§<10g1_,>

Proof. We have

Re S r (X, T) = — Rei anhx(n)
€ Oav, 1 ) - Nﬂ—(T) np%
lve|<T  n=1
1 = 2. anAr(n) XlogT
6.2 (X, T, p] — v = |
(6.2) +N,T(T),Z€8<Res( : 7p7r)+Rezl — >+O< - >
T n=

where & is an exceptional set of non-trivial zeros p,. = 8, + iv. of L(s,7) with |7.| < T and #& <,
V/Tlog T. The sum over the exceptional zeros is

XlogT
VT

Similar to Lemma 4.1, by using a dyadic decomposition argument, we have

1
. o XlogT + Xlog X .
(6.3) < Nﬂ(T)/ze:g( ogT+ Xlog X) <«
v

an an 7r

(6.4)

<<7r ae (log T)

7T

npﬂ'
I%TI<T n=1 |%T|<T n>V

Putting together (6.3) and (6.4) into (6.2) and using (5.12), the proof follows. ]

Proof of Theorem 1.4. First assume the exponent is even and write » = 2d. We let X = (log T)*" with
doam < 3 — B,. Choose V = X¢ for some absolute constant ¢ > 3. Lemma 2.3, together with the argument
we used to establish (6.4), shows that for all non-trivial zeros p). = 3. + iv. of L(s, ) with |v.| < T
outside an exceptional set £ of size at most O (v/T log T'), we have

S N anAr(n) = =~
ReSW(X7T7 pTr) = —Re Z TLT +E7T(X7 T7p7r)7
n<V
where E (X, T, px) <o XL Then we can write
1 ~
- X T / 2d
NT‘-(T) Z (ReS ( ) va))
[y |<T
_ 1 Z —ReZM—FE(XT )2d
- NTK.(T) np;r i bl 7p7r
I |<T n<V
1 a 2d L
R S X, T, R nhx X, T, pr =
ity z(< S CnT g - (- X I BT ) ) -+ e
0 ns

say. An application of Lemma 5.4 shows that
~ 1
Uy = pogVarl + Or.d.o((loglog T)42).

An argument similar to how we proved (6.3) shows that Us < da T—2+¢ for any ¢ = e(m,d,a) > 0.
Hence we obtain

6.5) 3" ReSo(X, T, )% = pzaVard + Og g((loglog T)3).

N=(T) 4 I<T
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Now applying (5.13) and Lemma 6.1, it follows that

— amloglogT d 1

M (o 7)™ 7) = piad (5L ) 4 0, (05108 7))
When the exponent is odd, the proof is similar except that U1 < g« 1. ]
Proof of Theorem 1.3. The proof follows precisely along the lines of the proof of Theorem 1.1. U

7. GENERAL WEIGHT FUNCTIONS: PROOFS OF THEOREMS 1.5 AND 1.6

7.1. Preliminaries. Recall from Section 1.4, for X > 2and ¥ € C2°(0, 00) a fixed non-negative compactly
supported smooth function, we defined

U (2) :m(%) z€R
Fix £ > 1. Suppose T > 2 and let o, X, V satisfy
1
(7.1) 0<a<—, X=TY" and V =Xt
m

We first record the following estimates.

Lemma 7.1. Let m € N, 7 € ,,,, and assume Hypothesis H for L(s,m). Let ¥ € C2°(0,00) be a fixed
non-negative compactly supported smooth function. Let T' > 3 and o, &, X,V be as in (7.1). Then

Y Ar(n)|? o Pt
(7.2) > Ux(m)A=()" _ am logT/ o) dt + Oy p.0e(1)
n 0 t ’
n<V
and
V% (n)|Ar(n)|? > W2 (t
(7.3) ZM:amlogT/ deoﬂwg(l).
n 0 t b b b
n<V
Proof. Both (7.2) and (7.3) follow by an application of partial summation along with Lemma 2.8. ([l

7.2. Explicit Formula. As before, we conduct the bulk of our analysis on a sum of primes related to our
sum over zeros by an explicit formula. We begin by proving the following lemma.

Lemma 7.2. Let m € Nand 7 € o, Assume ¢ € C°(2,00). Let s € C such that L(s, ) # 0. Then

o

aa AR g ST bl — ) = 30 S =2k — ka() — ),
=" pr keNu{0}
<jsm

where k.(j) € C are the spectral parameters of m. When s = 1, the first term in the right hand side of (7.4)
should be interpreted as 0,$(0), where 6 = 1 if L(s, m) = ((s) and zero otherwise.

Proof. Assume s # 1. For z # 0, by integration by parts,

* L
(7.5) @(U)z/ w(y)y“‘ldyz—/ ¢ (y)y" dy.
2 u Jo

We write
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From (2.11) of Lemma 2.1, we see

— Ax(n)p(n) (> , L Or e / o' y””S
>4 —/2 ¢ (y) 7 (s m) dy + i dy + E P

n=1
(7.6) / ZZ@ —2k—kr(j)—s
keNU{0} 2k + fin(7) + 5
1<j<m

Note we may apply (2.11) of Lemma 2.1 because N has Lebesgue measure zero. We have that the first
integral of (7.6) is zero by the Fundamental Theorem of Calculus. If the representation is trivial and s # 1,

we apply (7.5) to find that the second term of the right-hand side of (7.6) equals ¢(1 — s). We now proceed
to integral of the sum over the zeros of L(s, 7). Note, we have for Re(z) < 1,

(7.7) P(2) <, 2R~

Furthermore, when z # 0, —1 with Re z < 1, we find
78 b )L, —
( ) 90( ) ¢‘Z||Z—|—1|.

Using (7.5) with (7.7) and (7.8), we may apply Fubini’s theorem and interchange the sums with our integrals

in (7.6). With this, we arrive at (7.4) for s = 1. When s = 1 and 7 is the trivial representation, we exchange
the first two terms of the right-hand side of (7.6) for ¢(0); the rest of the work is left unchanged. U

We now extend Lemma 7.2 to include s € C that are nontrivial zeros of L(s, ).

Lemma 7.3. Letrm € Nand m € oy,. Assume ¢ € C°(2,00). Let pl. be a non-trivial zero of L(s, ).
Then we have

ao YD s o0 =D oloe =) = TSRk ) = )

n=1 keNu{0}
1<j<m

where py. runs over non-trivial zeros of L(s,m) and kx(j) € C are the spectral parameters of .
Proof. Fix pl. to be a zero of L(s, ). To prove this lemma, we use the uniqueness principle of complex

analysis. As such it requires us to understand where each term of (7.4) is holomorphic. It is clear that the
Dirichlet series of (7.4) is entire. We also find that

DD @2k = rxlj) — s)

keNU{0}
1<gsm

is analytic in Re s > 0. This follows from Re k- (j) > —%. Indeed, for all k € NU {0},

Z G(—2k — Kn(j) — 8) <x 2_2k/ tY20(t)dt <z p 27
2

1<j<m

Because of the support of ¢, we find that its Mellin transform is entire. Since ¢(s) is entire, we have the sum
above is holomorphic. Hence there exists (p}.) > 0 such that for s € C with |s — pl| < (p), the sum
over the nontrivial zeros is uniformly bounded. We now apply the uniqueness principle of complex analysis
on the small ball of radius £(p/;) centered at p/. and (7.9) follows. O

Recall that in Section 1.4, for X, T > 2 and p/; be a nontrivial zero of L(s, 7), we defined
SW,‘I’(Xv T, p;r) = Z \iIX(pﬂ' _p;r)
| Im p7r|<T

We now view S ¢ (X, T, p/.) as a sum over prime powers.
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Corollary 7.4. Letm € Nand 7 € ,,. Let ¥ € C2°(0, 00) be a fixed non-negative compactly supported
smooth function. Let X, T > 2. Then for all nontrivial zeros pl; = B, +ivL of L(s, ) with |y.| < T outside
an exceptional set of size at most O (\/T log T), we have

U (n)Ax(n) (Xl—ﬁ’w XlogT>
——= " 4 Orw - .
’ T \/T

o0

Sﬂ',\IJ(X7 T7 p;r) = Z

n=1

npgr
Moreover, assuming the Riemann Hypothesis for L(s, ), we have

> Uy (n)A, Xz  logT
Sﬂ,\P(X,Tvp;r):_ZM+Oﬂ,\I/( T + (\)/gT>

n=1
Proof. Fix a nontrivial zero p/. = . +i~. of L(s, ). Asbefore, we may assume that /7' < |7.| < T—+/T.
Using integration by parts, we derive the following bound
max{XRez X~11
2|z + 1]
for z # 0, —1. We consider each term of the explicit formula of Lemma 7.3, separately. In the case r is the
trivial representation, we find by (7.10)

nP;r

(7.10) Ux(z) <y

. X Re(1-p7) X 16
U (1 — o
XU =) <Sv T S T

which holds for s # 0. Next, we truncate the infinite sum over our nontrivial zeros. Note, we have by (7.10)

. , x Re(pr—pn) x Re(prr—pn)
A P P | I AT
when p, — pl. # 0, —1. By following the proof of (2.34), these terms are
XlogT
T
Assuming RH for L(s, ), we have X Re(p—pr) < 1. Finally, we find that the sum over the trivial zeros is
bounded by our error for the tail of our sum over nontrivial zeros by a similar argument using (7.10). U

<L r, v

7.3. Proofs of Theorems 1.5 and 1.6. We first note that Theorem 1.6 follows immediately from Theorem
1.5 using arguments similar to the proof of Theorem 1.1. Towards the proof of Theorem 1.5, much of the
work below follows from the analysis of Section 3 and Section 4. For the benefit of the reader, we include
the statements of the lemmata necessary for the proof of Theorem 1.5. The key difference is the use of
Lemma 7.1 instead of Lemma 2.9; the rest is left largely unchanged. We also mention that the condition
& > 11in (7.1) is sufficient here, unlike the constraint £ > % in Section 4.

Lemma 7.5. Let m € N,w € <, and 0,, € [O,% — m21+1

Ramanujan conjecture for L(s,m). Assume Hypothesis H, and the Riemann Hypothesis for L(s, ). Let

U € C°(0,00) be a fixed non-negative compactly supported smooth function. Let k,{ be non-negative
integers with k + £ = 2d for some d € N. Let T > 2 and o, £, X,V be as in (7.1) satisfying

1
= 2dm(1 + €0,n)

| be an admissible exponent towards the

«
Then

T (zW)k(ZWy:W@W)d

Iy l<T N p<V v 12 p<v p

+ Ox,v,d,0,e(max{1, (log X)d72})

where p and q run over the primes up to'V and oy = 1 if k = £ and zero otherwise.
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Lemma 7.6. Let m € N, 7 € <7, and 0,,, € |0, %— m%ﬂ] be an admissible exponent towards the Ramanujan
conjecture for L(s, ). Assume the Riemann Hypothesis and Hypothesis Hy. for L(s, 7). Let ¥ € C2°(0, c0)
be a fixed non-negative compactly supported smooth function. Let d € N, T > 2 and o, &, X,V be as in

(7.1) satisfying

1
S 2dm(1+ €0
Then
1 Ux (p)Ax(p) \** L B 0)A0)1” ) a2
NL(T) Z Re Z T = paa 5 Z + Or,w d,a,¢(max{1, (logT)“ *}).
T |y |<T p<v P27 p<V P

where o is defined by (1.19). Also, if

1

o <

m2d —1)(1+ €6m)’

then we have

1 \I’X(p)/\ﬂ(p) 2d—1 i
N (T) Z (ReZ T i L dyone (logT)* .

yx|<T p<x P2

Lemma7.7. Letm € N, 7 € </, and 0, € [0, %— m21 +1] be an admissible exponent towards the Ramanujan
conjecture for L(s, ). Assume the Riemann Hypothesis and Hypothesis Hy. for L(s, ). Let U € C2°(0, c0)
be a fixed non-negative compactly supported smooth function. Let d € N, T > 2 and o, &, X,V be as in

(7.1) satisfying

1
S 2dm(1+ €6,
Then
1 Ux (A=) \* _ 1~ P (0)[Ax ()| il
N.(T) 2 <Re > it = “%(5 > n ) + Orwdag((log X)*72)
[y |<T n<V n<V
where pog is defined by (1.19). Also, if
1

a <

m2d —1)(1+ €6p)’

then we have

2d—1
1 Z <Re Z \I/X(n)A’T(n)> Lnw.dag (log X)d_l.

1.
Nﬂ-(T) h/ |<T <V ni“l‘zﬂﬁr
™=

Our final lemma establishes the average of Sy w(X, T, p}) as p.. vary over the zeros of L(s,m). For
X, T > 2, we set

(7.11) Re Sy rw(X,T) := > ReSru(X,T, ).

|Im ply | <T

1
N (T)

Lemma7.8. Letm € N, 7w € <7, and 0,,, € [0, %— m%ﬂ] be an admissible exponent towards the Ramanujan
conjecture for L(s, ). Assume Hypothesis H,. and the Riemann Hypothesis for L(s, ). Let U € C2°(0, c0)
be a fixed non-negative compactly supported smooth function. Let T > 2 and o, &, X,V be as in (7.1)
satisfying

1

S €0



SURFACES ASSOCIATED TO ZEROS OF AUTOMORPHIC L-FUNCTIONS 39

Then

~ (4) 1
av,m X,T = - - TV« = E
Re Suv r 0 (X, T) a/o At + Ony, ’5<1ogT>

From here on, the techniques from Section 4 can be adapted to complete the proof of Theorem 1.5.

8. TRIPLE CORRELATION : PROOF OF THEOREM 1.7

8.1. Sums over Zeros to Sums over Primes. Recall from Section 1.4 that for X1, Xo, T > 2 and p, a
nontrivial zero of L(s, ), we defined

(8.1) SW,\I/(PW> = Tr,\I/(leX%T: pr) = Z Z @X1 (pml - pw)@Xz (pw - PW,2)7

[Im pr 1 |<T' [ Im pre 2| <T'

where W y (x) is defined by (1.27), and the sums run over the nontrivial zeros pr 1, pr 2 of L(s, 7). Through-
out this section, when the parameters X1, Xy, and T are clear from the context, we will omit them from the
notation. We begin our analysis with the following lemma.

Lemma 8.1. Let m € N and 7w € of,,. Assume Hypothesis H; and the Riemann Hypothesis for L(s, ). Let
U € C2°(0,00) be a fixed non-negative compactly supported smooth function. Suppose T' > 2, aiy, g > 0,
X1 =T and Xo = T*2™. Then for all non-trivial zeros py = Pr +ivx of L(s, ) with |v| < T outside
an exceptional set of size at most O (/T log T'), we have

Sewlpr) = i Vi, (n1) W, (n2) Ax (n1) Az (n2) (W)””+O . <X11/2 logT X,/ logT>
T, w) = : W
ni,no=1 (n1n2)§ ni 1,%2 T1/2 T1/2
Proof. By the functional equation (2.2) for L(s, ), we rewrite (8.1) as
(62 Seulpr) = Y. Uxilpri—pr) Y., Uxy(pr2—pr).

|Imp7r,1\<T |Imp;r,2\<T

By (7.4), for all non-trivial zeros p, = (B + i, of L(s, ) with |v;| < T outside an exceptional set of size
at most O (/T log T, we have

[e.e]

- Uy, (n1)Ar(n logT
®3) Sl —po) == 3 PO 0,0 (M)
|Imp7-r’1‘<T ni=1 1
o0
N Wy, (no)Az(n logT
(8.4) and Y Ux,(pra—pr)=— Y X jp) (n2) +oﬂ,w7a2<%>-
[Im pz o|<T n2=1 2
Substituting (8.3) and (8.4) in (8.2) and applying Hypothesis H, we arrive at
5. u(pn) = i W, (1) Ux, (n2) Ar (11) Az (1) <m>”ﬂ+0 . (Xll/zlogT X21/2logT>
) ™) 1 W, ,0 )
el (n1n2)2 n1 1,02 T1/2 T1/2
which completes the proof. g

8.2. Moment Computations. We now study moments of sums over primes. Fix £ > 1. Let 7" > 2 and
a1, ag, X1, X, V1 and V5 satisfy

1
(8.5) 0<apas<—, X; =T Xo=T" V;=X> and Vp=XS.
m
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Let ¥ € C2°(0, 00) be a fixed non-negative compactly supported smooth function. Define

W, (n1) Wi, (n2) A (1) Az (122) <nz)””

(8.6) G (pr) = Grw(X1, X, pr) = Y

1
n1<Vi (77‘177‘2)5 m
na<Va

v v A A e

(8.7 o (pr) = Gr w (X1, X2, pr) = Z %, ()06, (p2) ;(p1) 2 <p2>
p1sVi (p1p2) ? h
p2<Va

where p1, pa runs over primes up to V7 and V3 respectively.

Lemma8.2. Letm € N, 7 € o, and 0,, € [0, % p— Jrl] be an admissible exponent towards the Ramanujan
conjecture for L(s, ). Assume Hypothesis H, and the Riemann Hypothesis for L(s,m). Let ¥ € CZ°(0, 00)
be a fixed non-negative compactly supported smooth function. Suppose k,{ be non-negative integers with
k4 ¢ = 2d for some d € N. Let'T > 2 and oy, a9,&, X1, Xo, V1, Vo be as defined in (8.5) satisfying
a1 # oo and

1
Y e
Then
e % ()| Ax(p)|*\* % (p)|Ax(p)|*\
w0 (or) G g (pr) :5ked!2<z X1 > (Z X2 >
V= |<T p<V1 p p<Va p
(89) + Ow,\I/,d,oal,ozgf (max{l, (IOg T)2d_2})‘

Here G* (pr) is defined by (8.7) and 6y¢ = 1 if k = £, and zero otherwise.

Proof. All implied constants in the proof may depend at most on 7,d, a1, a9 and £&. We assume 7' is
sufficiently large depending on 7,d, a1, and &. For k, ¢ € N, let p; = (pi1,pi2) for 1 < i < k and

G = (q1,¢52) for 1 < j < €. Welet Py = [T, pir, Pr = [11_y pio. Q1 = [T5=y @1 and Q1 = [T}, gjo-
We write the left hand s1de of (8.8) as

Z Tl W, (pin) s () A (i) As (P2 Hle VU x, (951) Y x, (g52) Ax(q51) Ar (gj2)
i (PLPQ1Q2)?

qi,-Ge

1 PQ1\ "
(8.10) N 2 (P@)

|vx|<T

where the outer sum in the right hand side of (8.10) is restricted to vectors p;, ¢; with 2 < p;1,¢;1 < Vi and
2 < pi2, qj2 < Vo. We break our proof into two cases.

Case 1: When k& # /. In this situation, (P»Q1)/(P1Q2) is never an integer. Similar to the proof of Case 1 in
Lemma 3.1, we apply Corollaries 2.5 and 2.6 to the inner sum over -y, in (8.10). Finally, by Cauchy—Schwarz
and Lemma 2.10, the contribution to (8.10) from this case is

(X1X2)2d(1+§0m)+5 log T
T .
Case 2 : When k£ = /. The main terms occur when P>()1 = P; Q5. For T large, this is only possible when

= @1 and P» = Q2. Applying a combinatorial argument similar to Lemma 3.1, the contribution to (8.10)
when P, = P1Q2 is

2 2\ d 2 2\ d
(8.12) d!2< > %, (P)lA-) > (Z \PXQ(p)LA”(pN > 4 O .t ey (max{1, (log T)22)).

p<V p p<Va

(8.11) Ko W d,on 2.6,
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The situation when P> # P; ()5 can be handled exactly as in Case 1.

Combining (8.11) and (8.12) and choosing € > 0 sufficiently small, we arrive at our desired result. ]

Lemma 83. Let m € N,w € o, and 0,, € [0,% — m21 +1] be an admissible exponent towards the
Ramanujan conjecture for L(s, ). Assume Hypothesis H, and the Riemann Hypothesis for L(s,m). Let
U € C(0,00) be a fixed non-negative compactly supported smooth function. Let d € N, T' > 2 and

a1, a9,&, X1, Xo, Vi, Vo be as in (8.5) satisfying ay # oo and
1

a1 + oz < m
Then
. * 1 Y%, AP\ (1 — Y%, @) A=)\
NW(T) Z (Regﬂ,‘ll(pw))Qd:LQd(zZ X pp p ) <22 X pp D >

|v= |<T p<V1 p<Ve

+ Oﬂ',\I’,d,al ,a2,£(maX{17 (log T)2d—2}> )
where Lo is defined by (1.35). Also, if

1
a1+ ag < ,
P n@d = 1)(1 + €0,)
then
1 . _ _
N(T) Z (Re gm\y(pﬁ))w ' << vdarane T7° forsome e=¢e(m, d,ar,a2,&) > 0.
T bl
Proof. The proof precisely follows the arguments in Lemma 3.2. O

Letm € Nand 7 € 4,. Let U € C2°(0,00) be a fixed non-negative compactly supported smooth
function. Let X1, X5, T > 2and V; = X%, V5 = X§ for some fixed ¢ > 1. Define the following:

L

(813) ;‘;W,‘IJ(T7X17X27§) L= N (T)

Z Re Gr w(px),

[v=|<T

L \If?xl(n)mw(n)P) <1 S xp_%Q(n)Aﬂ(n)P) g

(8.14)  Varg (T, X1, X3,6) : = < >

- Vo @
n 2 n ¥

n<Va

2

n<Vq

We establish below asymptotic formulas for //%;/m\p and \//Qrm\p without assuming RH for L(s, 7).

Lemma 84. Let m € N,w € <, and 0,, € [O,% — m21 +1] be an admissible exponent towards the
Ramanujan conjecture for L(s, ). Assume Hypothesis Hy for L(s, 7). Let ¥ € C2°(0,00) be a fixed
non-negative compactly supported smooth function. Let d € N, T > 2 and oy, a0, &, X1, Xa2, V1, Vo be as

in (8.5) satisfying a1 # aw and
+ < —.
MRS A e
Then

(8.15) AV (T, X1, X2,€) K trane (logT) 72,

— logT)? [ [ U2(t)  \°
(8.16)  and Varmq,(T,Xl,Xg,f):alaQ(ﬂZ 0gT) ( /0 t()dt) + Or w0y e (l0g T).
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Proof. All implied constants in this proof depend only on 7, 1, ae, and £&. We assume T is sufficiently
large, depending on 7, a1, ae, and €. Without loss of generality, we suppose that as > ;. By applying
Corollary 2.6, we obtain the following expression for Av y:

(8.17)
— T \I/X (nl)\IlX (ng)AW(nl)A%(ng) TLQ (X1X2)1+£0m+5 IOgT
Avy g = ————— : s A7r T )
Ve = N ) R 2 12 T Onwe T
nisVi
na<Va

for any € > 0. The error term is acceptable by choosing ¢ sufficiently small. We note that A, (ng/nq) # 0
if and only if na/n; is a prime power, that is, if for some prime p, n; = pf and ny = p’ where 41,05 € N
with f5 > /1. So we rewrite the double sum over ny, no as

[e.9]

l1 (2 1 (l2
(8.18) 3 3 Uy, (p )WXQ(ppngﬂ(p JAz(p"?) An(p2h)

£1,02=0 . 1/€1 y,1/22
) p<min{V] RA }

Note that the length of the sums over /1 and /3 in (8.18) is < ¥ a;,a0,¢ 1. We consider two cases:

Case 1: /5 > m? + 1. In this case, using (2.4), the sum over p and ¢ converges absolutely. Therefore,
(8.18) is <z w01 ,a0,¢ 1.

Case 2 : /5 < m? + 1. Here we treat each tuple (¢1, {3) separately. Fixing ({1, /) and applying Cauchy—
Schwarz, (8.18) is

A fz 2 A 32 fl 2
(8.19) <<7r\1’a1a25(2’ o0 |> (Z| ( )’)

Using Hypothesis Hy, it follows that (8.19) is < w.a;,a0,¢ 1.
Combining Cases 1 and 2 in (8.17) and applying (2.8), we deduce (8.15). Applying Lemma 7.1 and using
(8.15), we then conclude the proof of (8.16). (]

We are now ready to estimate our moments involving sums over prime powers.

Lemma 8.5. Let m € N,nw € <, and 0,, € [O,% - 3 +1] be an admissible exponent towards the
Ramanujan conjecture for L(s, ). Assume Hypothesis H; and the Riemann Hypothesis for L(s,m). Let

U € C(0,00) be a fixed non-negative compactly supported smooth function. Let d € N, T > 2 and
a1, a9,&, X1, Xo, Vi, Vo be as in (8.5) satisfying oy # oo and
1
< —77"7"7.
By SR
Then
1

NA(T

—~d 1
Y (ReGru(pr)*® = LoaVary g + Orw,d.a1,00.6((log T)*72}).
|'Y7r|<T
where Loy is given by (1.35) and @rm\p is defined by (8.14). Also, if

1

Mt (1 + £6,)

then
1
NA(T

Z (Re gﬂ,\IJ(PW»Qd_l K W,dar,00,¢ (108 T)d_l
Iy=|<T
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Proof. All implied constants in the proof may depend at most on 7, d, a1, g and £. Our proof strategy is
similar to that of Lemma 3.4. Therefore, we only highlight the necessary differences. First consider the case
when the exponent is even. We break the double sum in G ¢ as follows:

Grwlp)= D D 4D 2.+ 2 >+ 2 )

p1<VipesVe pisVing=pk<Vp  mi=pi<Vi P2V ny=pl<Vi no=ph<1h
k=2 k>2 k>2 02

(8.20) = G"(pr) + G1(pr) + Ga(pr) + G3(pr),

where G* is defined by (8.7), p1, p2 run over primes and we drop the suffix 7, U for brevity. By binomial
expansion, we have

2d

1 1 2d!
Ri T ™ 2d = TR TN
Nx(T) 'yZ<T( ©Gr2 () N+(T) jgé:ﬂ:o 1721731 ja!
" j1+j2—|:jsil-j4=2d
(8.21) x Y (ReG*(pr))’ (ReGi(pr))? (Re Ga(pr))* (Re Ga(pr))

[v=|<T
By Lemma 8.3 and Hypothesis H;: (see [49, Eq. 2.25]), the contribution to (8.21) from j; = 2d is
o~d 2d—1
(8.22) LogVary g + Or w.d,ar,a0,¢((log T)™ ).

The cases jo = 2d and j3 = 2d are symmetric. So we only consider jo = 2d. We break into cases when
k > m? 4 1 and otherwise. We write

2d 2d 2d
(8.23) > | <al X X > >
p1<Va P2<kV2 P1<V1 no=ph<Va P1<V1 ng=ph<h
na=ps,k>2 2<k<m?2+1 k>m241
Since

Z Z \I/Xz 1/122774771— ) <<7T,‘1/7E 17

k>m24+1n2<Va
n2=pgy

the second term in the right hand side of (8.23) can be addressed as follows:

(8. 24)
2d

2d 1
KW dan,ane (logT)?,

<<7 \Ildal 26
s ¥ ,Q,1,02, N (l) : :
|y |<T

D

p1<V1

|’77T|<T p1<Vi ng—pk<VQ
k>m2+1

where we apply Lemma 7.6 to obtain the final inequality. Now we treat the first term in the right hand side
of (8.23). To this end, we first apply Jensen’s inequality to obtain

1 2d m2+1 2d
R S DO S A ,
T |’Y7r|<T p1<Vi ng:p§§V2 |’Y7r|<T p1<Vi nz—p2§V2
2<k<m?+1

For each fixed k, we first expand the 2d-th power in the right hand side of (8.25). Suppose there exists some
2 < kg < m? + 1 such that oy = ao/kg. When k # kg, we follow the argument from Lemma 8.2. The
combinatorial argument in this scenario is precisely the same and thus, the contribution to the right side of
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(8.25) when k # kg is

(8.26)
m2+1 2 2\ d 2 k k(2N d
U, (p)|A=(p)| U5, (0%) A7 (p")]
Copitmne Y (3 LY (5 BB s (08T,
kk;g p<V1 p pF< Vs p
0

by Hypothesis H,. The case k = kg is only considered if such kg exists. The argument in this case follows
as in Case 2 of Lemma 8.4. In particular, the contribution to (8.25) from this case is

\112 P A P 2\ d d
(8.27) <<,T,q,7d’aha2’£<z 3, (0)Ax(p)] ) 117
p<Vi p i=1
\I,Q ko A ko |2 \I,k’O ] ko A% ko A ko
e 7= 30 Bl ROV GO |
p() pk?O
pFo<Vh pFo<Vy

By Cauchy-Schwarz, Hypothesis H; and Lemma 2.10, it follows that each 7; < v d,a1,a2,¢ 1. This implies
that (8.27) is <5 w d,a1,a0,¢ (log T)d. Putting this together with (8.24) and (8.26), the overall contribution
when jo = 2d is <z v d.a1,00,¢ (108 T)?. The same bound holds when j3 = 2d. Finally, techniques similar
to the case 5 = 0 in Lemma 3.4 and the cases jo = 2d, js = 2d show that the contribution from j; = 2d is
Or W d.a1,00,6(1). We now apply a generalized version of Holder’s inequality to deal with the other tuples
(j1,J2, 73, J4) in (8.21) to arrive at our desired result. In the case of odd moments, the argument is precisely
as in Lemma 3.4 with necessary applications of Lemma 8.3. O

Remark 8.2.1. Suppose f : R — R be any function satisfying f(T') — oo as T — oco. Assume that
a1, ag > 0 such that for T > 2 sufficiently large, we have

f(T)
8.28 — > .
(8.28) g — g log T
Observe that the combinatorial analysis corresponding to Case 2 in the proof of Lemma 8.2 remains the

same if we replace the condition oy # a2 with the condition (8.29). We may now adapt the arguments in the
subsequent lemmas accordingly to address this specific situation.

8.3. The case when o; = a. In the special case where av; = a2 = «, our techniques remain the same
as in Lemma 8.2 and the following computations. But the combinatorial analysis is different. Considering
Lemma 8.2, for any non-negative integers k, £ with k+ ¢ = r for some r € N, if all the primes in P;, P, (01,
and () are distinct, there are r! possible ways to permute the primes among themselves. In particular, we
remark here that the odd moments also contribute main terms. Hence in this scenario, writing X = T* and
V = X¢, we obtain

. \1/ ,07r m[ — < Z W)T n qu,,d7a7§(max{1, (log T)T_Q}).

p
|%r\<T <V

An application of Lemma 2.7, then implies that

2 2\ T
Z (ReGr w(px))" =Xy <; Z \I’X(p)\Aﬂ(p)\> + On e (max{1, (log T)"=2}).

p
e |<T p<V

Nx(T)

From here on, the arguments in Lemma 8.5 can be adapted with necessary changes. Additionally, suppose
f : R — R be any function satisfying f(7') — oo as T' — oo. Then the analysis remains the same if we
replace the condition a; = a9 by

1
8.2 ~ sl <
(8.29) o — o f(T)logT

for T' > 2 sufficiently large.
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8.4. Proof of Theorem 1.7. Assume oy # ao. First consider the case when the exponent is even and write
r =2d. Welet X1 = T*"™ Xy = T*"™ and choose V; = Xf,Vg = Xg for some & = &(m,d, aq,9) > 1

such that
1

2dm(1 4 &6,,)
Then Lemma 8.1 shows that for all non-trivial zeros pr = 3 + ivx of L(s,m) with |vx| < T outside an

a1 + o <

exceptional set of size at most O, (v/T log T'), we have
(8:30) Re Srw(pr) = ReGrw(pr) + Exu(pr),

where Em\p(pw) SR P T~ for some 6; = 1(m, ¥, d, o, a0) > 0. Therefore we have

1 1 ~
N (T) Z (Resﬁ,\ll(pﬂ'))Qd: N (T Z (Regw,\l’(pﬂ')_'_Ew,\If(pﬂ’))Qd
" [v=|<T T |y |<T
n ReSr.y(px)? — (ReGrow(pr) + Erw(pn))
Fo(T7 20 (RSt~ (ReGna(or) + Beslor)
:Z:f\1 +Z:f\2,

say, where £ is an exceptional set of non-trivial zeros p, = [ + ivz of L(s,m) with |y;| < T and
#E < VTlogT. An application of Lemma 8.5 shows that

. 4 1
U = LogVar, g + Or.wd.ay,0,((log T)**2)

where L4 is given by (1.19) and \72:1},—7\1/ is as defined in (8.14). To bound LA{Q, we use arguments similar
to how we proved (4.2). For clarity, we mention that the term Re Sy w(p,) is bounded using rapid decay
of the Mellin-transform and standard estimates on sums over zeros (see [22]). The term Re G w(px) is

bounded using Cauchy—Schwarz and Lemma 7.1. In conclusion, we have Us < v d.a;,a0 T-% for some
do = 02(m, U, d, a1, ) > 0. Combining the estimates for ¢/; and U2, we obtain

—~d 1
D (ReSrw(X1, X2, T, pr))** = LogVary g + Or.w.d.ara,((log T)** 2).
|'Y7r|<T

Applying (8.16), it follows that

— my/ajaslog T [ U2(¢ 2d
MW’\I’Qd(TC”m’ Ta2m7 T) - ET ( 3 g / t( ) dt) + Oﬂ-v\Ilvdvalon((lOg T)Qdié)
0

(8.31) N (T

2

For odd moments, the proof is similar except that o L donan (logT)47L,
When a; = a9, the arguments are similar except that we use the necessary asymptotic estimates from
Section 8.3 (]
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